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Introduction

The graph theory includes an important method
called the topological index (or molecular
descriptor) for correlating the physiochemical
activity
molecular-graph is a simple connected graph in
which nodes-edges are assumed to be atoms-
chemical bonds of a compound. Topological

of molecular and networks. A

index is nothing but a number obtained from
graphs
molecular graph topology and is an invariant for
isomorphic graphs. Such descriptors are
considered to be fantastic tools in QSPR and
QSAR modelling. Harold Wiener introduced the
idea of topological index when he worked on
boiling point alkanes in 1947 [1].
algebraic polynomials are spotted in the literary

molecular which describes the

Several

history to resolve the painstaking strategy of
computing indices utilizing their customary
understandings of a particular class of graphs
[2,3,4,34-42]. The M-polynomial [15] plays an
important role in computing a huge proportion
of indices of a specific group of graphs in the
scenario of degree-based topological-indices. If
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V(G) and E(G) represent the node and edge
collection of a graph G, respectively, then degree
of veV(G), written as dy, is defined as the
number of members in E(G) incident on v. Let n;
and m; be the number of elements in V(Gi),
E(Gi), respectively. If degreeof all nodes of G is r,
then it is called the r-regular graph. The join G,
G, is generated by connecting each node
belongs to Gi to each node of G». Corona product
[7] of G1 and G2 is formed by considering one
copy of Gi1 and ni copy of G2 and connecting
the i-th node of G to all nodes belonging to i-th
part of G. The strong product [8] of two graphs
contains node set V(G1)x V(G2) and (ui, vi) is
adjacent with (up, v2) iff us=up with vi~vz or
vi=v2 and ui~uz. Tensor product contains the
same node collection and (uy, vi) is adjacent with
(uz, v2) if ur~uz and vi~v; [9,10,11,14]). Splice
[12,13] of these two graphs is constructed by
identifying the nodes vi, v; in G1UG2. The link
[14] of these two graphs is constructed by
joining the nodes vi and v; with an edge in the
unionof G1 and Go.

Basavanagoud et al. [16] computed explicit
expressions

of algebraic polynomials for
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numerous operations. Mondal et al. [5] derived
neighborhood Zagreb index of some graph
operations. The present author obtained indices of
various networks and dendrimer structures
[17,18,19,20]. Khalifeh et al. [21] obtained
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Zagreb indices of different graph operations.
The intention of the current report is to compute
different degree-based topological descriptors of
graph operations of regular graphs via M-
polynomial.

TABLE 1 Relation between degree-based indices and M-polynomial

Topological Index f(x,y) Derivation from M(G; x,y)
First Zagreb Index X+y (D +D)(M(G; %, ¥)) lieys
Second Zagreb Index xy (DX Dy)(|\/| (G; X, y)) |x:y:1

Modified Second Zagreb Index

/i

(5,3, )(M(G; X, ¥)) |-y

Symmetric Division Index X2 +
2

Harmonic Index

Inverse sum Index

General sum connectivity

Xy
yy)(y (DxSy +Sny)(M(G;X’ y)) |x:y:1

Dy
s
X+y

(x+y)=

28, J(M(G;x,¥)) |,y
S,JD,D, (M(G;x,¥)) |,y

First general Zagreb X014 a1

DII(M(G; %, Y))) |
(DI +DIDHMG X, Y)) e

Preliminaries

Lemma 2. If G is r-regular with n nodes and
m edges, then the total number of edges is

[EEM).

Definition 1. The formulation of M-
polynomial of G is defined as follows:

M (G;tx,y) = Z Mpq (G)xPy1
p<q
Where, mpq(G) is the total count of
connections u~v for which {d,, dv}={p, q}-.
Gutman and Trinajsti¢ presented Zagreb indices
[23]. The first Zagreb-index is formulated as
follows:

M@= ) (@Y

veV(G)
The second Zagreb descriptor is formed as:
M,(G) = dy dy.
UuveE(G)

For more details about this indices,

[5,6,22,32,33,21].

see

The second modified Zagreb index is defined as
follows:

1

"M, (G) = —
2( ) UVE;(G) dudv
Bollobas and Erdos [24] and Amic et al. [25]
initiated the concept of generalized Randi¢ index
and illustrated in a broad range in mathematical
chemistry [26]. For more details, see [28,27].
Such index is formulated as follows:

R.(G)= > (dd,)"

uveE(G)

The inverse Randi¢ index is formulated as:

1
RR (G) = _—
a( ) uvg;(G) (dudv)a

Symmetric division index is formulated as:

~ min(d,, d,)
SDD(@G) = ) Cnax(dy, dy)

uveE(G)
max(d,, d,)

T omin(d,, d,)
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Harmonic index [29] is formulated as:

2
nor= Y 2o
©) dy,+d,

UVEE(G)

The inverse sum index [30] is formulated as:

d,d,
1(G)t = 22 .
uveE(G) du + dv

The augmented Zagreb index [31] is formulated
as follows:

dyd,

0= ) tara, 2"

uveE(G)

The way by which indices based on degree are
recovered from Mt-polynomialis presented in
Table 1.

Main results

In this section, we discuss the M-polynomial of
different graph operations namely join, corona
product, strong product, tensor product, splice,
link, and explore the topological indices for those
operations. We utilize the following lemma to
obtain the main results.

Lemma 3. [16] For a a r-regular graph with
n vertices and m edge connections, we have
M(G;tx,y)=mxryr.

Where tis
- )
:x(f(x,y))t = txw’
- )
Ey(f(x,y))t = tyw’

Se(f(x,3)) =J;) %dt.

Join

We compute the M-polynomial of join Gi+G> in
the following theorem.

Theorem 1. If Gi,tG, are rid2-regular,
respectively, then for ni-n;=ri-rz, we find
M(G; + Gz) = nynyx"1¥nzyT2
+m1xr1t+tn2 yr1+n2 + mzxr2+n1yr2+n1_
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Proof. Edge partition of G1+G is as follows:

By ng,rp+npy| ZHUV EE (G1+ G2): du=T1+ n2,dy=T2+ M
=Nninj.

\E(r 4,01 42y FHUV EE (G1+ G2): du=T1e+ 12, dy
=ri+ngl|

=mj.

By wnt,rp+npy| SHUV EE(G1#+ G2):du=r2+n1,dv=r2+m

=my.
The Mt-polynomial of Gt is derived as follows
Mt(G1 + Gz) =

- 3

r1+n,<ro+ng

+ Z m;j (G + Gp)x"1¥M2yT14n2

ri+ny<ri+ny

)

r2+ni<ro+ng

Z m;; (G; + G)x"ylt
ticjt

my; (Gy + Gp)x" 1 T2yTa

my; (Gy + Gp)x"2 MyT2

— ri+n r>+n
- |E{r1+n2,r2+n1}|x 1 Zy 2T

ri+ny.,,riHn
+ |E{r1+n2,r1+n2}|x 1 Zy ™tz

r2+n r>+n
+|E{r2+n1,r2+n1}|x 2Ty et
— nanxT1+n2yT2+n1 + mle1+Tl2yT‘1+n2

+ msz2+n1yT2+Tl1 .

Now employing such expression of Mt-
polynomial, one easily finds
topological index for Gi+G. in the following
theorem.

degree-based

Theorem 2. If Gi1+G2 be the join of graphs
G1 and Gz. Then, we have:
1.M1(G1+G2)=ninz(ricrtrocttnertng)+2ma(rict
tna)+2my(ra+tny).
2.M2(G1+ Gz)=n1n2(r2+ n1) (r1+n2)+m1(r1+n2)2+
my(r2+n1)2

3. MG, + Gy) = itz
M2 1 2) —
(r; + n)t(r2 +ny)
UL S—
(1 + )%t (rp +ny)?
tT'I + ny, 1Y) + Ny
4.5p(G; + G2) = nyny(
trz + ny T + Ny¢
+ 2m1 + Zmz.
27’11712
5H(G] + Gz) =
1§ +T2+Tl1 +Tl2t
my m;
tr1 + Nye trz + Nyt '
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nyny(r; + np)t(rz +ny)t
r+r+n;+n,
tmy (1 + np)t
2

tmpe (12 + ny)

—

7-er(61+ Gz): n1n2(r1t+tr2t+tn1t+tnz)“+2°‘m1(ru
+tnz)e+ 2emy(roc+tng)e.
8.M(G1+G2)=n1nz(r1+ )« ning(rz+nq)e
1+2m1(r1t+tnz)a-1+2mz(r2t+tm)oc-l_

Proof. t M((Gi+ Gxy)t=t f

(xy)= nlnzxr1+n2yr2+n1+m1xr1+n2yr1+n2+m

6. ITl(Gl + Gz) =

Consider

2 Xr2+n1yr2+n1.

Then, we have:

Di(flxy)=nin,(ry + ny)x M2yt +
my(ry + np)x etz YTt o (1, +
np)xT2t My,

Dy(flxy))=nynz(rz + ny)x"1 MzyTz M 4
my (ry + np)xT1HN2 YTz (1 +
np)xTzt Myt

DDy(flxy))=nin,(r; + np)(r; +

ny)x 1y 2 4 my (g + ny) (g +
np)x Nz YTtz oy (ry +ny) (r, +

nl)xrz+n1y7‘2+n1 .
DiDy(flx,y))=n1nz(r1+ n2) (ra+ nl)Xr1+n2yr2+n1+

mi(ri+ nz)zxr1+n2yr1+n2+m2(r2+n1)2xr2+n

L2 nL.g (f(x,y)) =

wx(ﬁﬁmz)y(rzﬁml) +

T +Tl2
L x(T1t+mz)yT1 +n;
(rge + tny)
+ Lx(rzﬁtnl)y(rzﬁml)_
(rz¢ +tng)
Sy(f (6, ¥)
— &x(ﬁﬁtnz)y(rzﬁtm)
(rz¢ + tng)
my
+ —x(Tlt+tn2)yT1 +ny,
(rye + tnyp)
m2 x T2t +tng)y (rzeting)

+ -
(r2¢ + tnyg)
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SxSy(f (x,¥))
nn,

(i + )+ 1)
4
(r; +nz)?
m;
4+
(12 +ny)?
Dy Sy (f (x,¥))
= Mxﬁ 12y (T2t +tng)
1y + ny
+ mle1+Tl2yT1+n2 + msz2+Tl1yT2+n1.
nyny(r; +ny)
D.S X, — xr1+n2 ry+ng
y x(f(x, ) "+, y
+ mle'l +Tl2y1"1 +ny
+ m2x1"2+1’l1 yT'2+7l1.
Sx)DxDy (f (x,¥))
_ nyny(ry +np)(r2 + ny) T
tT1 +T2+n1 +Tl2
+ my(rye + tny) L 2r4m3)
2
mZ(th + tnl) XZ(T2+n1).

x (T1e+En2) 4 (T2 +tn7)

x (T1e+En2) 5, (r1e+tnz)

x T2e+tny) g (Tzeting)

DE](f(x,¥)) = nynp(ry + 12+ 1y
+ nz)axT1+T2+Tl1+TL2 + Zaml (rl
+ nz)axT'1 +r+ng+n, + Z(ZmZ(rZ
+ nl)axrl +r2+n1+n2_
(D + Dy H(f (x,¥))
= nyny(ry + 1)+ nyny(r
+ nl)a—lxr1+n2yr2+n1
+ 2m1 (T']
+ nz)a—lxrl +Tl2yT1 +ny
+2m2(r2 + nl)a—lxr2+n1yr2+n1.
25J(f (x,¥))
_ 2n1n2
Tyt + tng + tny
my M ey

+ —xZ(T1 +TL2) +
T + n; ¢ + tn1

xT'l +ry+nginy

By using Table 1, we have:

1. tM;:(G; + Gy) = (Dy +

tD)E(f (X, ¥))tlx=y=1 = nynz(ry; + troe +

tng + tny) + 2my(r; + ny) + 2my(ry + tny).

2. tMt(G; + G) = (DxtDy)t(f(x' y))tlxzyzl
=nyny(r; + ny)(r; +ny)
+m;(r; + np)? + my(ry
+n;)?.
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3. M7"(G1 + G2) = (SxeSy)t(f (6, YD)t |x=y=1
nmy

T () +ny
PR S
(r; +n)?  (z +ny)?
4.5p(G1 + G2) = (D Syt

+ thtDy)(f(x: y))t|x=y=1
Tie + Ny Ty +HENg

T1e + Ny
+ 2m1 + Zmz.

5.H(Gy + G) = 2(S)tJt(f (x, ¥))t | x=1
2n1n2

N 1t + tth + tn1t + tnz
my m;

T Htny Ty +tng
6.0,(G; + Gy) = Sx]Dny(f(x: Y |x=1
_ nynp(rye + npe) (2 + tng)
T 1ty Htng +tny
my(rye + tny)
2
my(r; + ng)
—
7xa(G1 + G2) = Dy (f (6, ¥)) |x=1
=nyny(rye + trye + tnge
+ tny)® + 2%my (ryp + npp)?
+ 2%m,(r, + ny)%.
8.MF (G + G) = (D!
+ DY (59D ey
= nyny(rp + 1)+ nynp(ry +ny)* !
+2m;(r; + 1)) 1 + 2my(ry, + )% L
This completes the proof.m

FIGURE 1 The t-throny graph of C,
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The join of Kn and K¢ yields the complete
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bipartite graph K,;. Now by using Theorem 1,
we obtain the following corollary.

Corollary 1. The M-polynomial of
complete bipartite graph K.: is given by
M(Khy,)=ntxtyn.

By using Theorem 4, we obtain the following
corollary.

Corollary 2. The topological indices of Kn
are given by,
1. M1(Kn)=nt(n+t),
2. Ma(Kn)=n?t?,
3. Mm(Kn)=1,
4. Sp(Knt)=n2+t2,

2nt
5. H(Kn,t):m’

nt?
S (K, ) = n+t’

7. Xa(Kn)=nt(n+t)«
8. M(Ky¢)=nt(n«l+tel),

Corona product

We compute the M-polynomial of the corona
product of Gi and G in the following theorem.

Theorem 3. If G1,tGz are riuae-regular,
respectively, then for r{+n, —r, >1, we
find:

M(G; © Gy) = nynpx™2*lyritnz
+m2n1xr2+1yr2+1 + mlxr1+n2yr1+n2_

Proof. The edge set of G1 O G2 has partitions as
follows,

‘E{rzﬂ_trl+n2}|=|{qutE(G1®Gz):du=f'z+ 1,dV=r1+nz}
|=n1n2.

Efry 1,041y FH{UV EE(G1OG2): du=r2+ 1,d = tro+1}|=
mpni.

Bt 4 m tr1 ety S {UV EE(G1OG2):du=r1+n2,dv=11+

nz}|=m1.
Now we clearly have

M(G) = z my; (G)txitylt

it<tj

— z mij (Gl @ Gz)xrz+1yr1+n2

ro+I<r;+n;
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+ Z mU (G1 O GZ)xT2+1yT2+1

To+1<r+1

)

ri+nge<tri+n;

mij (Gl O GZ)xT‘1+Tl2yT‘1+Tl2

— ro+1,,r1+Nn
- |E{tr2t+1,tr1t+n2t}|x 2 y 1 2t

ro+1.,,r2+1

+ |E{T2+1,tT2+1}|x y

ri+n ri+n
+|E{tr1t+tn2,tr1t+tn2t]|x 1 Zy 1 2
— nlnsz2t+1yT1t+tn2 + m2n1xT2t+1yT2t+1

+ mlxr1t+tn2yr1t+tn2.

This completes the proof.m
Theorem 4. If G;OG; be the Corona
product of the two graphs Gi and Gz. Then, we
have:
1.Mi(G; ©Gy) =nny(r +try+tnye + 1)
+ 2myn; (rye + t1) + 2my (g,
+ tny).
2.M3(G; © Gp) = nyny(re + t1)(ry + tny)
+ myng (1o + t1)? + my(ry,
+ tn,)?
3.M7"(G; © G2)
. nin;
(rge + tnp) (1 + 1)
myny my
(roe +t1?  (rge + tny)?
r+ 1 r+n,
4.5,(G; © Gy) = n1n2(r1t T, T 4
+2myn; + 2m;.
2nny
T1¢ + th + tTth +1
myn, my
e +t1 1 +tny
nyny(rye + tny)(ry + t1)
r+r+n;+1
myng(ry: + t1)
2
my(rye + tny)
—
7. %a(G1 O Gp) =nyny(ry + 12+ np + 1)
+ 2%myn; (r; + ny)%
+ 2%m;(r; + ny)%.
8.M7(G; © Gy)
= nyny(ry + D+ nyny (g,
+ tny)* 1 + 2myn, (1
+ D* 1+ 2my(rye + tny)* L

5.H(G; O Gy) =

+

6.I,(G; © G3) =

R.S. Haoer

Proof. LettM((G; © Gy); x,y) =
nlnsz2+1yT1 +ny + mznle2+1yT2+1 +
mlx‘l"1+n2y‘l"1 +n,
and

fx,y) =M(G; O Gy).
D, (f(x,¥)) = nyny(rp + Dx"2¥yr1inz
+myn;(ry, + 1)x"2t1yr2t1
+ my(r; + ny)xT1tzy1N2,
Dy (f(x,)) = nyny(ry + np)x 2ty +ne
+ myn; (ry + 1)xT2+1yr2H
+ m;(r; + ny)x"1tN2yT1tNz,
DaDy(f () = nama(r + 1) (7
+ np)x 2yt 4 omony (1
+ 1)2x1"2+1y1"2+1 + m](rl
+ n2)2xr1 +n2yr1 +n2.

nin;
S X, — xT2t+t1t ricttn;
< (f(x,9) — y
mpny
th + t1

xT1t+tTl2yT1t+tTL2.

T2t+t1 T2t+t1

X y

T + n;
nin;
S X, — xr2t+t1 riettng
y(F () - y
mpny
TZt + t1
my
T + n;
SxtSye(f (x,¥))
_ nin;
(r2¢ + t1) (e + tny)
mpny
—2 y
(z+1)
4
(r; + ny)?

DSy (f (x,¥))

Tor+tl,,ror+tl

X y

xT1t+tTL2yT1t+tTLg.

r2t+t1yr1t+tn2

ro+1,,72+1

er +n2yr1 +n, .

_ (ny)(z + 1) Lt
T + n;
+ myn xT2ty
+ mlxrl +n2yr1 +TL2.
nmy)(ry +n
S0y (Fx,y)) = DT i1 rin,
Ty + 1
+ manxTZt'i't]y
+ mlxr1+n2yr1t+tn2_

ri+n
yl 2

ro+1

T2t+t1

25 (f (x,¥))

27’1.17’1.2

1ty +tng + t1

m-n
+ AxZ(TzH'fl) +

T'2+1

ri+ro+ny+1

M x2(rip+tng)

T1¢ + tnz
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SxJDxDy(f (x,¥))

— nan(rl + nZ)(TZ + 1) xT1t+t7”2t+tn2t+t1
T1¢ + tTZt + tht + t1
man; (;’2 +1) (202+D)

my (Tl + nZ) xz(rl +n2)_

DZJ(f (x,y)) = nynp(rye + troe + tny,
+ tl)axr1t+t7“2t+tn2t+t1
+ Zamznl (rIxT1t+tT2t+tn2t+t1
+ le)a + 2“m1 (rlt
+ tnz)axr1+r2+n2+1.
-1 -1
(Dt~ + Dye Ht(f (x, ¥))
= nyny(ry + tH* 1+ nyny(ry
+ nz)a—lxr2+1yr1 +ny
+2myn; (ry + D@ 1xTztlyrztl 4 2m (1
+ nz)a—lxr1+n2yr1+n2_

Using Table 1.we have,

1.tM;(G; O Gp)
= (Dt
+ tD)E(f (%, ¥))tlx=y=1
=nyny(rye + try + tny + t1)
+ 2myng(ry + t1) + 2my(ry
+ ny).

2.tM3¢(G1 O G2) = (Dt Dy)t(f (6, ¥)) | x=y=1
=nyny(r + t1)(r; + nz)
+mong (rye + t1)? + my (1,
+ tn,)?

3.M7"(G; O Gy) = (SxtSy)t(f (6, YD)t x=y=1
_ nin;
CEEDICRE))

myn, my

(2 + 1) (17 +ny)?

4.5p(G; O Gy) = (Dxtsy
+ SxtDy)t(f(x' Y))tlxzyzl

n+1 1r+n

= nan(rl T, + m— )
+ 2myn; + 2m;y.

5. H(G; © G2) = 2(S:)tt(f (x, ¥))t|x=1

2nn,

1ty +tng + t1
mpny my

ot + t1

+

T1¢ + tnz.
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6.1,(G; © Gz) = Sx]Dny(f(x: V) |x=1
(g + tng) (e + 1)
B r+r+n;+1
myn;(ry +t1)
2
my (1, +tny)
—
7.Xa(G1 © G2) = Dy (f (%, ¥))|x=1
=nmy(r;+r+n, + 1)°
+ 2%myn; (r; + ny)%
+ 2%my(r; + ny)%.
8.M7(G; © G)
= (Dg!
+ DD (F (%, ¥))lx=y=1
= nyny(ry + t1)*!
+nynp(ry + tng)® !
+2myn; (1o + t1D* 1 + 2m; (g + tny)* L
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This completes the proof.

The t-fold bristled graph Brs{G) of G is
obtained by corona prod-uct of G, K¢. Such type
of graph is also called as t-throny graph. By
using the theorem, one can obtain the Mt-
polynomial of Brs(C,) in the corollary given
below.

Corollary 3. The M-polynomial of t-
throny graph of C, is given by:
M(Brsi(Cn))= ntxy2+t+ nx2+ty2+,
By using Theorem 4, we obtain the following
corollary.

Corollary 4. The topological indices of
Brsi(Cy) are given by:
1. M1(Brs:(Cn))= nt2+5nt+4n,
2. Mz(Brsd{Cn))=2n(t+2)(t+1),
nt n

3.MM(Brs.(C.))=——+ )
2 (Brs(C,)) t+2 (t+2)°

1
4.S_(Brs,(C)) =nt(——+t+2)+2n.
o(Brs,(C,)) (t+2 )

2nt n
5.H(Brs,(C )= ——+—.
(Brs(C.)) t+3 t+2
6.In(Brst(Cn))=m(t+2)+n(t+2).
n+3 2

7. Xa(Brs:(Cn))=nt(t+3)+2en(t+2)e,
8. M(Brs{Cn))=nt+nt(t+2)*1+2n(t+2)*L
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Strong product nyny(nyn, — 1)
¢ DDy (f(x,y)) = ——————(nm;
The strong product of two graphs G; and G- is — 1)?xMmz=1yminz=1,

denoted. by GiwG.. We compute the M S.(F(x,y)) = wx"1"2‘1y"1"2‘1.
polynomial of the strong product of Gi and G- in nZn
the following theorem. Sy (f(x,y) = % xamz=lyninz=1,
nin;
Theorem 5. Let G, and G, be two regular ~ SxSy(/(6¥)) = 2y — 1)
graphs of degree r1 and r, respectively. Then, we D,S, (f(x, )

nlnz—lynznz—l.

have: _nyny(ngny; — 1)

(nln2 _1)n1n2 =1, nn,—1 2

— Wiz W2 nmn

M(GL) G,) =Xy 25,J(f () = "D x2n=),
Proof. The strong product of two regular

graphs G: and G, with degree ri and ry,

respectively, is also a regular graph of degree D.(f(x,y)) =

ninz.1 with mn, vertices. Consequently, the

result follows from the Lemma 2 and Lemma

xnlnz—lynlnz—l_

Then, we have:

niny(ngn, — 1)° (nyn
> 1z

_ 1)xn1n2—1yn1n2—1_

nyny(nyng — 1)°
3 Dy(f(x,9)) = S (un;
Now by using this M-polynomial, we
] _ 1)xn1n2—1yn1n2—1_
calculate some degree based topological
indices of the G1aG: in the following theorem. DxDy (f (%, 7)) 5
Theorem 6. If GiaG: be the strong product.  _ nynz(nyn; — 1) xnimz=1yning=1
Then, 2
1.M;(G; ® G2) = nyny(nyn; — 1)7. S/ DDy ( () ,
nyny(nynz — 1)° _ Mz (nmz 2(nyny-1)
2.M,(G; X Gy) = > : 4 X '
-1
m _onyny DY (f(x,y)) = 2% ‘nmy(nyn,
3.M3"(G; K Gy) = 2y, — 1) _ 1)@+ 2(uma=1)
4.5p(G; X Gy) = nyny(nyn, — 1). D1+ D DO (xy))
nn; —
5H(G; X G,) = = 2nny(nn;
2 _ l)axnlnz—lymng—l_
_ (yny — 1’nyn,
6.1n(G; W G2) = 4 ' By using Table 1, we have,
— oa-1 _ 1\a+l
7:2a(G1 B Gz) = 27"z (nymz = DT 1.M;(61 B Gz) = (Dy + Dy)(F (6, ¥)) xmy=1
8.M1(G; K G;) = nynp(nyny — 1.

= nyny(nym, — 1)°%
2.M3(G; X G2) = (DxDy)(f (%, ¥)) | x=y=1
_ niny(nyn; — 1)3

Proof. Let

M((G; R Gz);x,y) = f(x,¥)
_ nny(ngny — 1) nyny—1
= x

2 ynlnz—ll 2
3. Mgn(Gl X G,) = (sty)(f(x' Y))lxzyzl

Then, nmn;

nlnz(nlnz—l) _2(n1n2_1)
Dy(f(x,¥)) = > (nyny 4.55(G1 X G;) = (DySy,

- l)xnlnz_lynlnz_l- + Sny)(f(x, Y))lxzyzl

niny(nin,; — 1) =nn,(nn, — 1).
Dy(f(x' y)) = 2 (n1n2 ! 2( e ) nin,

_ 1)xn1n2—1yn1n2—1. 5.H(G; X Gp) = 2(S)] (f (0, y))|x=1 = T
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6.1,(G; X Gz) = Sx]Dny(f(x: V) |x=1
_ (yny — DPnyn,
= y ,
7. Xa(G1 X G3) = Dy (f (6, ¥)) |x=1
=2%"Inmy(nyn, — 1
8.M7(G; X G2)
= (pg~
+ DD (f (6, YD) x=y=1
=nyny(ngn, — 1)%

)a+1_

This completes the proof.m
Tensor product

The tensor product of two graphs G; and G is
denoted by GixG;. We compute the M-
polynomial of the tensor product of G; and G in
the following theorem.

Theorem 7. Let G; and G; be two regular
graphs of degree r1 and ry, respectively. Then,
we have:

nn, —n —n +1) N
2

Ny -y —ny+1

M (G, xG,) = el y

Proof. The tensor product of two regular
graphs Gi1 and G; with degree ri and r,
respectively, is also a regular graph of degree nin,-
ni-n2+1 with nin, vertices. Consequently, the
result follows from the Lemma 2 and Lemma
3m

SxDy (f (x,¥))
_ Tllnz(nlznz — 1) xn1n2—1

niny—1
y12

Theorem 8. The topological indices of
G1xG are given by:
1.M;(G; X Gy) = nyny(nn, —ny —ny, + 1)~%.
nn,(nn, —n; —n, + 1)3

2
nin;

Z.Mz(Gl X Gz) =

M7 (G X = :
3 2 (G1 GZ) Z(Tllnz —n;—ny + 1)

4.SD(G1 X Gz) = nlnz(nlnz —n;—ny + 1)

nin;
5H(G1 X Gz) - 2

niny(ngny —ng —ny + 1)?
y .

6. In(Gl X Gz) =
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7. Xa(G1 X G2) = 2°Tnymy(nymy; —ny — my
+ 1)C(+1.
8.M{(G; X Gy) = nny(ngny, —n; —ny, + 1)<
Proof. Let
M((G, xG,); %, y) = f(X,y)
— n,n, (n1n2 -n-n +1) annz—l
2

nn,—1

y

Then, we have:

D, (f(x,¥))

niny(nyn; —ng —ny + 1)?
= x

2

yn1n2—n1—n2+1_
Dy(f(x' Y))

nynp(ngny —ng —ny + 1)7?
yn1n2—n1—n2+1_
Dny(f(x: }’))

nyny(ngn, —ng —ny + 1)°

niny—n;—ny+1
y .

Sx(f(x,¥))
— nlznz xnlnz—nl —n2+1yn1n2—n1 —n2+1.
Sy(f (e, »)

— nlnz xnlnz—nl —n2+1yn1n2—n1 -ny+1

SeSy(f(x,»))

nin;

2(7’117’12 —Nn;—ny + 1)
niny—n;—ny+1
ytnz—ny =Nzl

niny—n;—ny+1

niny—n;—ny+1

niny—n;—ny+1

xnlnz—nl -ny+1

DyeSy(f(x,¥))

_ nyny(nyny —n; —ny + 1)xn1nz—n1—nz+1
2

yn1n2—n1—n2+1_

SxDy(f(x,))

_ nny(nn; —n; —ny + 1)xn1n2—n1—nz+1
2

yn1nz—n1—n2+1_

nin,
25, J(f (x,¥)) = sz(nlnz_nl—nzﬂ).
SxJDxDy (f (x,¥))
_nynp(ngny; —ng —ny + 1)?
- 4

DY (f(x,y)) = Za_1n1n2(n1n2 —Nn;—n;
+ 1)a+1x2(n1n2—n1—n2+1)_

x2(n1n2—n1 —ny +1)
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(D + Dy D (f (x,¥))
=nynz(nyny; —ng —ny
+ l)axnlng—n1—n2+1yn1n2—n1—n2+1_

Using Table 1, we have

1.M;(G; X Gp) = (Dy + Dy)(f(x; Y))lxzyzl
= nyny(nymy; —ny —ny +1)>°
2.M3(Gy X Gy) = (Dny)(f(x: y))|x=y=1
_nnp(ngny —ng —np + 3
> .
3. Mgn(Gl X Gy) = (SxSy)(f(x: y))|x=y=1
nin;

- 2(nmny—n;—ny,+1)°
4.55(G; X Gy) = (DxSy

+ Sny)(f(x; Y))|x=y=1

=nmy(nn; —n; —n, +1).

niny
5.H(Gy X G2) = 2(S)] (f (6, YD) |x=1 = ——

2

6.1,(G; X G3) = Sx]Dny(f(x: Y |x=1

_ nyny(ngny —ng —ny + 1)°

- y .
7. Xa(G1 X G2) = DF(f (%, ) x=1

=2Tnmy(nyny; —ny —my

+ 1™,
8.M{(G; X Gp) = (DF?

+ DE DS YD) |xmy=1

= n1n2(n1n2 —n;—ny + 1)“

Splice

The splice of two graphs G1 and G is denoted by
G1.G2. The M-polynomialof the splice of Gi and
G is obtained in the following theorem.

Theorem 9. Let G; and G, be two regular
graphs of degree r1 and ry, respectively. Then,
we have:

M(G1.G2)=(n1- 1)xrLyrl ¥ T2+ () 1)xr2yr1+72+
(ms- r1)Xr1yr1+ (mz_rz)xrzyrz.

Proof. The edge set of Gi - G2 has the
following partitions.
|E¢1,r1+r2}[F{uv €E(GrG2):du=r1, dv=r1+r2}|=ni-
1.
|E{r2’r1+r2}|=|{UVEE(G1'Gz):du:rz,dv=r1+rz}|=n2-
1.

R.S. Haoer

|E¢1,r1}=[{uvE€E(G1-G2): du=r1, dv=r1}|=m-11.
|E{r2,r2}|=|{UVEE(G1'62): du=r2, dy= r2}|=mz-r2.

Based on the definition, the M-polynomial of
G is obtained as follows:

M@©@) = ) my; (G)xly)

i<

= z m;j (Gy - Gp)x"1y"1772

ri<ri+r
+ z mij (G]
ro<r+ry,
To~,T1+T
. Gz)x Zy 1772
1,7
+ Z m;j (Gy - G)x™y"™ + Z m;; (G;
T1<T1 T2<T2
ToA,T
. Gz)x Zy 2
— ri+1,,1r1+71
- |E{r1,r1+r2}|x 1 y e

T ri+r
+ |E{T2,T1+T2}|x Zy e

+|E{T1,T1}|xr1yrl + |E{T2,T2}|xr2yr2
— (nl _ 1)xT1yT1+T2 + (n2 _ 1)xT2yT1+T2
+(my —r)x"y" + (my —r)x"2y"2.

This completes the proof.m

Now by using this M-polynomial,
calculate some degree based topologicalindices
of the G1+G; in the following theorem.

we

Theorem 10. The degree based topological
indices of G1-G, are given by:
1.M:1(G1G2)=(n1-1)(2r141r2) + (n2-1)
(r1+2r2)+2r1(m1—r1)+2rz(mz-rz).
2.M2(G1'Gz)= (r1+ I"z)(h(nr 1)+ r'z(nz- 1))+r2(m1-
ri)+r2(my-ry).

3.M(G; - Gp) = (11 +12)(ri(ng — 1) + 12(n
— 1)) +ri(mg — 1) +715(my
—12). ; ;
m Ny — ny —
MG 62) = r1(r; +12) " 1r2(r; +12)
m;—71; My;—7";
rf s
(n;—Dr; (np— Dy
(r; +12) T+
(n; — D) +132)
T

(nz —)(r; +12) 42
2

— 1) +2(my —132)

5.85p(G; - G2) =

+

+

(m;
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2(n;—1) 2(np;—1)

2T1 + Tz T] + 2T2
m;—r m;—-7n
+
T1 2

6H(G1 . Gz) =

8Xa(G1:G2)= (n1- 1) (2r1+ r2)e+ (n2- 1)

(r1#+ 2r2)o+ 29r9(my- r1)+ 20r2(ma- r2)%

9, M“(G1'Gz)= (1’11-11)r'°"1(n2- 1)ra-1
+2(m1-r)ret+ 2(me- r2)ret+ (ro+r) el (ng+ne-
2).

Link

The link of G1 and G- is denoted by Gi~G2. We
compute the M-polynomialof the link of G; and
G> in the following theorem.

Theorem 11. Let G; and G; be two
regular graph of degree r1 and 1,
respectively. Then, we have:

M(Gi~G2)= xr2+1yr1+1+(n1— 1)xr1yr1+1+
(n2- 1)xf2 yr1+1+ (m;- rl)xf1 yr1+(mz- rz)xf2
yrz.

Proof. The edge set of Gi~G, is partitioned as
follows:

|E¢2+1,r1+1}={uv €E(G1~G2):du=r2+1,
dy=ri+1)|=1.

Ev1,r1+1}={uv€E(Gi~G2):du=r1, dv=r1+1}|=m-
1.

Ev2,r2+1}1=[{uv €E(G1~G2):du=r2, dv=r2+ 1}|=n2-
1.

|Ep1,r1}|={uvEE(G1~G2): du=r1, dy=ri}|=mi-r1.
H=H{uv€E(Gi~G2): du=r2, dv=r2}|=ma2-r2,

From the definition, the M-polynomial of Gi
~(- is obtained as follows:

M(G;~G,) = z m;; (G;~Gz)x'y/
i<y
— Z mU (G1~G2)xrz+1y‘r1+1
ro+1I<r;+1

+ z m;; (Gi~Gp)x"1y"1*1

ri<ri+1
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ri(ry +12)(ng — 1)

7.1,(G; - Gy) = Zr +1,
4 12(r; + 12)(np — 1)
1+ 2715
ri(my—1y)  1r2(mp—13)
2 2
+ Z m;; (Gy~Gy)x"2y"2+!
To<Lro+1

+ Z m;j (G1~Gp)x"1y"™
1<y
+ Z m;; (G~Gz)x"2y™
T2<T2
= |E{r2+1,r1+1}|xrl+1yrl+r2
+ |E{r1,r1+1}|x
+|E{T2,T2+1}|xrzyr1 +r2 + |E{T1,T1}|xrlyrl

r1+1,,11+712
y

+ |E{T2,T2}|xrzyrz

— x?"2+1y1"1+1 + (n1 _ 1)x7‘1y7‘1+1 + (n2
_ 1)xT2yT1+1

+(my —rx"y" + (my —rp)x"2y"2.

This completes the proof.m

Theorem 12. The topological indices of
G1~G, are given by:
1. M1(G1~G2)=(r2+1)+(ri+1)+(n:-1)(2r1+1)
+(n2-1)(2r2+1)+2r1(m1-r1)+ 2r2(mz-r2).
2. My(G1~G2)=(r2+1)(ri+ 1)+r1(ri+ 1) (ns-
1)+r2(r2+ 1) (n2- 1)+ (my-r1)r2+ (ma-r2)ra.

n1—1
3. MMG,~G,)) = +
2 (61~62) (+ D +1) r(rp+1)
n le—] m;—1;
r(r, + 1) i
my; —71;
5
r+1 rn+1 rn;—1)
4.5,(G;~G,) =
D(l 2) T'1+1 T'2+1 T'1+1
r+1D(n;—1
+(1 )(n; — 1)
T
r(n; — 1)
T2+1
r,+1(n,—1
LDt WP
2

— T']) + Z(mz - 7"2).
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T1+T2+2 2T1+1
2(n;—1) my—my

27"2 + 1 Ty
my;—T1;

5. H(Gl"’Gz) =

2
(r; + 1)+ 1)
rr+r,+2
ri(r; +1)(n; — 1)
2r; +1
1(r; + 1)(nz — 1)
2r, + 1
ri(m;—1)  1r(my—13)
2 2 '
7. Xa(G1~G2) = (r + 12+ 2)* + (n; — D(@2ry
+ D4+, — D2 + D
+ 2%rf(m; — 7)) + 2%1,(my
—1)%.
8.M¥(Gy~Gy) = (rp + D1 + (r; + D!
+(n — DO+ (r
+ D)%) + (ny = DS
+ (@ + D)
+2(m; — )i+ 2(m, — r)rF L

6. In(GINGZ) =

Conclusion

In this paper, we obtained degree-based
topological indices for different graph
operations including join, corona product,
strong product, tensor product, splice, and
link of regular graphs. First, we computed M-
polynomial of the aforesaid graph operations
and later recovered many degree-based
topological indices applying it.
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