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The geometric arithmetic (GA) index of certain
trees and bicyclic graphs
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have applications in chemistry. For a graph G, the (GA) index is
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degree of a vertex u in G. In this paper, we obtain the general
formulas of geometric arithmetic GA index for two types of
trees graphs. Also, we provide the general formulas to the
bicyclic graphs after attaching branches of B; for all vertices.
Finally, we computed the geometric arithmetic GA index to the
molecular graph representing the molecular structure of the
bicyclic chemical graphs.
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Introduction

Molecular descriptors have found a wide
application in quantitative structure-activity
relationship analysis (QSAR) and quantitative
structure-property  relationship  (QSPR)
targets the  estimation of  specific
characteristics based on the structures of the
compounds under study [1]. Among them,
topological indices have a prominent place.
One of the best known and widely used is the
connectivity y index, introduced in 1975 by
Milan Randi¢ [2,3], who has shown this index
to reflect molecular branching. The
introduction of graph theoretic concepts in
chemistry is well known, and the reader is
referred to the following references for
definitions and notations [4,5]. The first
geometric-arithmetic index GA was proposed
by Vukicevi¢ and Futuna [6]. This index is
defined as GA(G) = Yuver(6) %.
demonstrated [6], on the example of octane
isomers, that the GA index is well correlated
with a variety of physico-chemical properties
such as entropy, enthalpy of vaporization,
standard enthalpy of vaporization, enthalpy
of formation and acentric factor. Moreover,
the quality of these correlations was found to

It was
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be better than for other often employed
molecular descriptors [1]. The mathematical
properties of the GA and other indices were
reported [7-16]. Das and Trinajsti¢c [10]
compared the ABC index and the GA indices
for molecular graphs and general graphs. The
(chemical) trees, unicyclic, bicyclic graph(s)
with maximal ABC index were determined
[3,17-22, 29-40]. Recently, In 2016 Mohanad
et al. studied the general formula for ABC
index of some special trees graphs, also in the
same paper provided a general formula of
ABC index of bicyclic graphs [22]. In this
paper we have three sections, the first one,
we present the general formula of geometric
arithmetic GA index of some special trees. In
the second section, we provided a general
formula of geometric arithmetic GA index of
bicyclic graphs. Finally, we computed the
geometric arithmetic GA index of molecular
graph associated with molecular structure of
the bicyclic chemical graphs.

Preliminaries
A vertex of a graph is said to be a pendant if

its neighbourhood contains exactly one
vertex. An edge of a graph is said to be a
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pendant if one of its vertices is a pendant
vertex.

Let G be a graph andu,veV(G).
A (u,v) —walk is a finite sequence of
vertices a., aq, a,, ..., Qy, withk = 0,u = a.
andv = a,, such thata;_;a; € E(G) for
eachi = 1,2,3, ..., k. The length of the walk is
k that is the number of edges in it. A (u,v) —

FIGURE 1 The branche B;

The Curtain graph [22] is a tree graph
obtained by attaching m branches of B;, to
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walk is called a path if no vertices are
repeated.

Let B; be a branch of a tree T formed by
attaching i pendant path of length 2 to the
vertex v such that the degree of vin Tisi + 1
(see Figure 1. for an illustration), the
minimal-ABC trees were fully characterized
by Hosseini, Ahmadi and Gutman [23].

o

each vertex of path P,, we denote such graph
by T (n, B*) (Figure 2).

k
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FIGURE 2 The Curtain graph T (n, B{*)

Geometric Arithmetic (GA) index of two
types of trees

In this section, we provide the general
formula for geometric arithmetic (GA) index
of two types of trees graphs, and the first one
is associated with the Curtain tree T(n, BY")
as follows.

Before proving the main results in all
Theorem in this paper, let us introduce the
following definition.

Definition 3.1. [24-28] For a connected
graph G = (V(G),E(G)) with the minimum
and maximum of degrees & = Min{d,|v €
V(G)} and A = Max{d,|v € V(G)},
respectively, there exist vertex/atom and
edge/bond partitions as follows:

Vk:§ <k < AVk ={veV()|d, =k}

Vi:26 <i<24E;={e=uv
€ EG)|d,+d, =1}

Vj: 6% <j<A%E ={u € E(G)|dy X d,,
=Jj}

Theorem 3.1. Let n, k, m be positive integers
such thatn>3,k>2 andm=>=1, the
geometric arithmetic (GA) index of the
Curtain graph G = T(n,B{") is

GA(G) = 2v2mnk (L2202 4

4m./(m+1)(k+1) +2m (n 2)1/(m+2)(k+1

m+k+2 m+k+3

n 4/ (m+1)(m+2) +tn—3

2m+3

Proof: Relying on the structure of Curtain
graph T(n, B{") in Figure 2, we have mn of
branches By,. Firstly, we will mark all edges in
those branches as follows:
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The branch of B, contains 2k edges, with
k of them containing two vertices, the first
one of degree one and the second of degree
two. Other k edges also contain two vertices,
the first of degree two and the second of
degree k + 1. Also, we have mn edges linking
branches of B;, with vertices of the path with
2m of them containing two vertices; the first
is degree m + 1 and the second of degree k +
1. The remaining (n — 2)m edges also contain
two vertices: The first degree k + 1, and the
second degree m + 2.

Now, it remains only the edges of the path.
This path contains n — 1 edges. Two of them
contain two vertices, the first of degreem + 1
and the second of degreem+ 2. The
remaining n—3 edges also contain two
vertices that have the same degree m + 2.
Now, we have,

E, ={uv € EG)|d, =1&d, =2} = kmn.

E,={weEG)|d,=k+1&d, =2}
= kmn.

Ey={weEG)|d,=m+1&d,=k+1}

=2m.
E,={w€eEG)|d,=k+1&d,=m+ 2}
=m(n — 2).
Es={uw€eEG)|dy=m+1&d, =m+ 2}
= 2.

Ec={uve€eE@G)|d,=d,=m+2}=n-3.

By using the definition of geometric
arithmetic (GA) index of G, we have the
following computation for the geometric-
arithmetic GA index of T (n, B{*) as follows:

2/dyd,
GA(T(n, B")) = ZuveE(G)m

2,/dyd, 2./dydy +

= Ye= €E + Ve €E
e=UVELL g, +dy e=UVEL2 d,+d,

2 [dyd,

dy+d,

Ze=quE3
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+Z Zw/dudv+2 2,/dud,,+
e=UuveE, dy+d, e=UuveEEs dy+d,
2./dydy

Ze=quE6 dy+dy

L 2JIx2 2/2(k+1) 2/m+ D) (k+1)
=k 1+2 +E, 2+k+1 Es m+1+k+1 t
E 2/ (m+2)(k+1)

4 m+2+k+1

2y (m+1)(m+2)

E 2/ (m+2)(m+2)

+E5

m+1+m+2 m+2+m+2
_ 2mnk£ n 2mnk,/z(l!cﬂ) n 4m/(m+1)(k+1)
3 k+3 m+k+2

(m+2)(k+1) | 4/ (m+1)(Mm+2)
+2m(n — 2) WD 4 WD
(n—3)

_ (k+3)+3Vk+1 4m./(m+1)(k+1)
_Zﬁmnk( 3(k+3) )+ m+k+2

(m+2)(k+1) | 4/ (m+1)(m+2)
O e =
n—3m

Geometric arithmetic GA index of two
types of bicyclic graphs

In this section, we provide the general
formula for geometric arithmetic (GA) index
of some bicyclic graphs; first, we have the
following assertion associated with the
Jellyfish graph BBk (n,r,m) as follows.

A bicyclic graph is a connected graph in
which the number of its edges is one more
than the number of its vertices. The Jellyfish
graph [20] is obtained by joining a cycle of
length n with another cycle of length m by a
path of length r followed by putting branches
of B, at each vertex in two cycles and path
except the terminal vertices in the path
where we put one of By, we denote such
graph by BBk(n,r,m) as shown in Figure 3.
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FIGURE 3 The Jellyfish graph BBk (n,r,m)

Theorem 4.1. Let n,m,k,r be a positive
integer such thatn,m > 3,k,r = 2, the

geometric arithmetic (GA) index of a graph
G = BBx(n,r,m) is

GA(G)=2(n+m+r—3)[¥+
2k 2(k+1)+4\/k+1] ntmar—1
k+3 k+5

Proof: Relying on the structure of the
Jellyfish graph BBk(n,r,m) in Figure 3, we
have 2(n+m+r—3) of branchesB;.
Firstly, we will mark all edges in those
branches as follows:
The branch of By, contains 2k edges, with k of
them containing two vertices, the first one of
degree one and the second of degree two.
Another k edge of them also contains two
vertices, the first of degree two and the
second of degree k + 1.

Also, we have 2(n+m+7r—3) edges
linking branches of B, with vertices of two
cycles and path, each contains two vertices,
the first one of degree four and the second of
degree k + 1.

Likewise, we have n + m + r — 1 of edges
that contain vertices it degree four.

Now, we have,

E,={uw € EG)|d, =1&d, =2}
=2k(n+m+r - 3).

E,={uv € E(G)|d, =k+1&d, =2}
=2k(n+m+r—3).

M.A. Mohammed and H.H. Mushatet
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E;={uw € EG)|dy =4&d, =k+ 1}
=2n+m+r-3).

E, ={uwv € E(G)|d, = d, = 4}
=n+m+r—1.

By using the definition of geometric
arithmetic (GA) index of G. We have the
following computation for this index GA of
BBk(n,r,m) as follows:

2,/dyd
GABPk(n,1,m)) = Yuver) 5 e

dy+dy
=y 2/dydy +y 2./dyd, +
e=uve€k; g g e=uv€k; g tq

2/dyd,
Ze:quE3 dy+dy

2./dyd,
+ Ze:quE4 dy+d,

24/2(k+1)
2+k+1

24/1X2
= EF, 222
1+2

2V4 X4

4 444

=¥(n+m+r—3)+4k(n+m+r—

3)1/2(k+1)

k+3

E 2./4(k+1) +

E
+ Ez 3 4+k+1

8y (k+1)
k+5

+(m+n+r-3) +tn+tm+r-1

=2(n+m+r—3) Zkf + 2k\162+(-l;+1) +
ak+1

s +n+m+r—1m
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Geometric arithmetic GA index of bicyclic
chemical graph

In section three, we computed geometric
arithmetic index for sure of bicyclic graphs.
Here we introduce the application to the
bicyclic graph in Chemistry, such as
polycyclic alkanes, as shown in Figure 4, to
find a general formula to geometric

arithmetic for it.

FIGURE 4 Some types of polycyclic alkanes

Polycyclic alkanes, which are molecules
contain two or more cycloalkanes that are
joined, forming multiple rings. The
cycloalkanes are cyclic hydrocarbons,
meaning that the carbons of the molecule are
arranged in the form of a ring. Cycloalkanes
are also saturated, meaning that all of the
carbons atoms that make up the ring are
single bonded to other atoms (no double or

triple bonds).
H H
H \Cz/ HT T TH \/ 51
\C/ \C/ \ A e /
3 1—Cy—Cy---C,—C3
A N B /
/04' 'Cn\ H H H C m
O TN
H H H H

Molecular structure
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Ry: meythl R, : eythl Rj: propyl

R;: alkyl
FIGURE 5 Some types of branches of Alkyl.

The group of Alkyl or branches of Alkyl
are classes of alkanes with one hydrogen
atom removed. It has the general
formula C,,H,,41. If n is greater than or equal
to 1, it will contain the branches of Alkyl. For
example:

Methyl (CH3), ethyl (C,Hs) and propyl
(C3H;) contain two branches and butyl
(C4Hy) as shown in Figure 5.

When we join two different Chemical
compounds as cycloalkanes by a branch of
Alkyl, we will get a new type of bicyclic
chemical graph.

The molecular graph representing the
molecular structure of the bicyclic chemical
graphs is denoted by n‘m, where n,m,r is
the number of carbon atoms, as shown in
Figure 6.

The following Theorem gives the
geometric arithmetic GA index associated

with bicyclic chemical graphs Cnm

Molecular graph

FIGURE 6 Molecular structure and molecular graph representing the bicyclic chemical graphs

R;
Cn,m.

Theorem 4.3. Let n, m, r be a positive integer

such that n,m = 3,r > 1, the geometric

arithmetic GA index of a graph G = Cn., is
R; \ __ 13

GA(C, L) == ~(m+m+r—1)

Proof: According to the structure of the
bicyclic chemical graphs C,Iii,n in Figure 6, we
have two types of edges. Firstly, we will mark
all edges in this graph as follows:

In the first type, we have n+m+r—1
edges containing two vertices that have the
same degree four.

In the second type, we have 2(n + m +r —
1) edges that are incident on two vertices of
degree one and degree four.

Now, we have,

E, ={uv € E(G)|d, =d, = 4}
=n+m+r—1.
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E,={uw € E(G)|d, =1&d, = 4}
=2n+m+r—1).

By using the definition of geometric
arithmetic (GA) index of G. We have the
following computation for this index GA of

C, R’ i, as follows:

R 1/d d
GA(Cnlm) ZquE(G) dy -
2,/dyd 2y/dyd
= Ze=quEl du+udv+Ze UveE; g +udv

_E 2VAx4 + 27/1x4
1 444 2 144

=n+m+r—1+§(n+m+r—1)

HHH  HHH

] \l \|/HHH
m\\c H H% HH\(; H\(|./H HH /;/HHHHH
H_;\c C C \L/ |//H fHH :HH
rt N -
Heiﬁteﬁ§c /F3 CK ¢ |
\ 4 /Cl// (|31—(|32"‘Cr

H—=C---.C \

e m{ 1 C|"\, ?\\ N\
7L/ ¢ C ( CHH & H
NS AN WA NN

H C H HCH | pHH {AH
H//\ /|\ H HH
HH H 4
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=§(n+m+r—1)l

Let C,Izsr,m be a bicyclic graph associated
with molecular graph to some classes of
chemical compound. The molecular structure
of this class is obtained by joining two
different cycloalkanes of length n and m by a
branch of Alkyl of length r. When attaching
branches of Alkyl R, to each hydrogen atom,
we get a new class of bicyclic chemical
graphs, as shown in Figure 7, and the
molecular graph representing the bicyclic

chemical graphs C nr m» as shown in Figure 8.

Molecular structure

FIGURE 7 Molecular structure of bicyclic chemical graphs C:f},m
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FIGURE 8 Molecular graph representing the bicyclic chemical graphs Cffsrm

Theorem 4.3. Let n,m,r,s be a positive
integer such that n,m = 3; r,s =1, the
geometric arithmetic GA index of a graph G =

Crsm is GA(Crsm) =2 @s+D(n+m+
26 13

r)——8§——
5 5

Proof: Considering the structure of the
bicyclic graph ¢ = Cfffr,m in Figure 8, we have
2(n+m+r—1) branchesR;. Firstly, we
will mark all edges in these branches as
follows:

The branch of Rg contains 3s edges, with
25 + 1 of them containing two vertices, the
first one of degree 1 and the second vertex of
degree 4. The remaining s — 1 edges also
contain two vertices that have the same
degree 4.

Also, we have 2(n+m+r—1) edges
linking branches of R; with vertices of two
cycles and a joining path, each containing two
vertices of the same degree 4.

Likewise, we have n + m +r + 1 of edges
which made two cycles and the joining path
for it—all edges in this case contain two
vertices of the same degree 4.

Now, we have,

E,={w €EG)|dy=1&d, =4}
=MAs+2)n+m+r—-1).

E, ={uv € E(G)|d, = d, = 4}
=2s+1)(n+m+r)—2s
+ 1.

By using the definition of geometric
arithmetic (GA) index of G., we have the
following computation for this index GA of
BBk(n,r,m), as follows:

1/d d
GA(BBk(n,7,m)) = Yuvere) ~—" a, -

_ Z 2,/dydy + Z 2,/dydy
— Le=UvEE; dy+d, e=UVEE, dy+d,

2VIx4 2V4x4
= E; 2
1+4 444

=E(4s+2)(n+m+r—1)+(25+1)(n+
m+r)—2s+1

=—(25+1)(n+m+r)——s—§l

Conclusion

In conclusion, this study reveals three
findings: First, we established the general
formulas of geometric arithmetic (GA) index
for two types of trees graphs. Second, we
provided the general formulas to the bicyclic
graphs after attaching branches of B;. For all
vertices. Finally, we showed that the bi-cyclic

Ri R : . .
graph C, 7, Cp5.,, is associated with some
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bicyclic chemical graphs to find a general
formula to geometric arithmetic.
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