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A topological index (TI) is a positive real number associated 
with the graph of molecule and remains invariant up to graph 
isomorphism. Until now, several TIs are defined and there are 
mainly three types: Degree depending, distance depending and 
spectrum depending. All these TIs found huge applications in 
pharmacy, theoretical chemistry and especially in QSPR/QSAR 
research. The aim of our study was to compute degree 
depending TIs for Hex board graph and its line graph. We firstly 
computed M-polynomial and by applying calculus, we 
computed several degree-based topological indices of Hex 
board graph and its line graph. 
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Introduction 

The branch of chemistry, in which we study 

chemical structures with the help of 

mathematical logics, is known as 

mathematical chemistry. Chemical graph 

theory is a branch of mathematical chemistry 

in which we study molecular compounds 

graphically. We associate a graph to the 

molecular structure by taking atoms as dots 

or vertices and bounds as edges or lines, 

called molecular graph. A graph is connected 

if there is a connection between every two 

vertices of it and a graph is simple if there are 

no multiple edges or loops between any two 

vertices. All molecular graphs are simple and 

connected. The degree of a vertex is equal to 

the number of vertices attached with it. For 

basic notions of graph theory we refer the 

readers to the books [1,2]. 

To study topology of a molecular graph 

and make a hunch about some properties of 

concerned molecular compound, researchers 

have defined TIs, which help us to know the 

properties of chemical compounds without 

performing experiments. In order to compute 

TIs, huge calculations are required, hence 

mathematician defined some polynomials 

that can help in computing TIs, for example 

Hosoya Polynomial [3] to compute distance 

depending TIs. Motivated by the Hosoya 

polynomial, recently M polynomial [4] has 

been defined to compute degree depending 

TIs. As stated earlier [4,5], many properties 

like boiling point of compounds, heat of 

evaporation of compounds, heat of formation 

of compounds, chromatographic retention 

times of compounds, surface tension of 

compounds, vapor pressure of compounds 

and many more can be predicted by with the 

help of TIs. Since its foundation, M-

polynomial has attracted researchers, for 

example, M-polynomials of polyhex 

nanotubes [5], Nanostar dendrimers [6], 

titania nanotubes [7], circulant graphs [8], V-
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Phenylenic Nanotubes and Nanotori [9]. For 

more results on M-polynomial, [10-12, 26-45] 

and references therein. In this study we 

aimed to compute M-polynomials of Hex 

board and line graph of Hex board graphs 

[13]. The honeycomb and hexagonal systems 

have additionally been perceived as critical 

developmental science, specifically for the 

advancement of cooperation, where the 

covering triangles are fundamental for the 

proliferation of participation in social 

difficulties. Figure 1 is the graph of Hex board 

graph.  

 

FIGURE 1 Hex board with center dots [23] 

For a graph G, one can construct its line 

graph L(G) by associating a dot/vertex with 

each of its line/edge and joining two 

dots/vertices with an line/edge if and only if 

the corresponding lines/edges of graph G 

have a dot/vertex in common [13]. The line 

graph of Hex board network is shown in 

Figure 2. 

 

FIGURE 2 Line graph of hex board [13] 

Basic definitions and literature review 

We fixed following notions in the remaining 

paper. 

 G=simple connected graph 

 V (G)=vertex set 

 E (G)=edge set 

 dv=degree of v  

M-polynomial 

For G, the M-polynomial [4] is defined as: 

    , ,
i j

i j
ijm G xM G x y y

   

    

where δ is the minimum degree among all 

vertices and
 Δ

 is maximum degree among all 

vertices. The ( )ijm G  is the edge such that where 

i≤j. 

The first TI was defined by Wiener [14] 

which is today known as Wiener index and 

we have applied successfully in chemistry 

[15,16]. After the successful application of 

Wiener index in chemistry, Milan Randić 

defined first degree depending TIs, which is 

today known as Randić index, 1/2 ( )R G . For 

the detail about this degree depending index 

and its application, one can see [17–21]. In 

literature we can find huge number of books 

and papers on this TI, for example [22–24]. 

For the definitions of other TIs and their 

literature review, we can refer to [4-10]. 

In Table 1 [4-10], we relate TIs with M-

polynomial, where 

     

   

    

    



 
 

 

 





 
0 0

(

, ,
,  , 

, ,
, ,

, , , 

, , .                1)

x y

yx

x y

f x y f x y
D x D y

x y

f t y f x t
S dt S dt

t t

J f x y f x x

Q f x y x f x y

 

This paper aims to compute M-polynomial 

and degree depending TIs of hex board and 

line graph of hex board graphs. 

Methodology 

To compute our results, firstly, we sketched 

hex board and constructed the line graph of 

hex board graph. Secondly, we counted the 

number of edges and vertices in hex board 

and line graph of hex board graphs. By means 
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of degrees, we divided the vertex set of both 

graphs in different classes. We also divided 

edge set of both graphs with respect to the 

degrees of end vertices into different classes. 

For the edge partition, we computed M-

polynomial of hex board and line graph of hex 

board graphs. At last, by using mathematical 

calculus, we obtained some degree depending 

TIs of under study graphs. 

Motivation 

It is really important to compute topological 

indices of different families of graphs and 

graphs associated with different chemical 

compounds. The reality is we require lot of 

calculations to compute topological indices. 

In this work our aim was to provide an easy 

method to compute indices without huge 

calculations. We aimed to use a simple 

algebraic polynomial namely M-polynomials 

to calculate our main results. M-polynomial is 

important because of the information it 

contains about indices as almost all 

topological indices can be calculated from it. 

Applications of results in chemistry 

TIs calculated in this study could help us in 

guessing many properties of compounds 

involving hex board and line graph of hex 

board graphs, for example, the Randić index 

demonstrates great relationship with every 

single physical property, aside from their 

liquefying focuses with correlation coefficient 

value r=0.219. Further, the value of 

correlation coefficient, r lies between 0.881 to 

0.995. Randić index has high connection with 

heat of vaporization with correlation 

coefficient, r=0.995. The foreseeing intensity 

of GA for the physical properties is similarly 

great as Randić index. The value of 

correlation coefficient lies between 0.889 to 

0.987 aside from melting point, with r=0.235. 

Surprisingly, we could see that the connection 

of GA with heat of vaporization was 

extremely high with r=0.9871. The value of 

correlation coefficient of sum-connectivity 

index with properties lies between 0.887 to 

0.995 aside from the melting point, where 

r=0.240. From useful perspective, TI for 

which the absolute value of r is less than 0.8 

can be portrayed as useless. While these 

degree based topological indices with 

absolute value of r lies between 0.8 to 0.995 

are useful. 

Main results 

This section contains main computational 

results. 

M-polynomial of hex board graph 

The M-polynomial of Hex board graph is 

presented in the following theorem 1, 

Theorem 1. Let Hn be Hex board graph. Then

   

   

4 4

4 6

2 3 4

2

3 4

6 6

6 ,  , 4 4 2 4 1

8 20

0

3 16 21 .

n

k

M H x y x y x y x y k x y

x y k k x y



  





  


 

Proof. Let Hn 
be Hex board. The edge set of Hn 

has following six partitions [42] 

  | 2,  4 ,1 nE uv E du vH d   

  2 | 3,  4 ,nE uv E du vH d   
 

  3 | 3,  6 ,nE uv E du vH d   

  4 | 4,  4 ,nE uv E du vH d   

  5 | 4,  6 ,nE uv E du vH d   

  6 | 6,  6 .nE uv E du vH d   
 

Such that 

1 4,E  2 4,E  3 2,E  4 4 10,E k 
 

5 8 20E k 
 
and 2

6 3 16 21.E k k  
 

Now, by using definition of the M-Polynomial, 

we have 

   

     

     

2 3 64 4 3
34 36

4 4 4 6 6 6
44 46 66

; ,

24
2 4 3 4 3 6

4 4 4 6 6 6

n

n n n

n n n

jiM H x y m x yn ij
i j

m x y m x y m x y

m x y m x y

H

H H H

H H Hm x y

 


    
  

 


 
 



 

 

   

   

2 34 4
24 34

3 6 4 4
36 44

1 2

 

3 4

n n

n n

H Hm x y m

H

x y

uv E uv E

m x y m x y

uv E uv E

H

  


 
 




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   
5 6

4 6 6 6
46 66n nm x y m x y

uv uv E

H

E

H  
 

 

 

   

2 3 4 3 64 4

4 6 2 6 6

44 4 2 4 10

8 20 3 16 21 .       k k k

x y x y x y k x y

x y x y

    

   

 

Now we derive formulae for nine degree-

depending TIs by applying calculus on the 

using M-polynomial given in Theorem 1. 

Theorem 2. Let Hn be the Hex board graph. 

Then  

1.  2
1( ) 2 18 40 21 ,nM H k k    

2. 2
2( ) 108 320 232,nM H k k    

3. 
2

2
1 5 7

( ) ,
12 36 8

m
nM H k k    

4.    

 

2 2 2 1 1 2

2 21

4 2 4 6 16 6

2

3 6

4 3 5 6 10 4 21 6 ,

nR H k k    

    


 



 



     

      

 

5.  
2 1 2

3 2

2

2

2

1 2

1 8 16

4 4 6 6

1 1

3

6

2 10 20 21
,

2 3 4 3 6 4 4 6 6

nR H kk
   

     

 

  



 

 
   

 

 
      

   

  

6. 2 40 56
( ) 6 ,

3 3
nSSD H k k    

7.   21 1 5
,

2 15 63
nH k kH     

8. 2 104 1088
9 ,

5 2
(

1
)nI H k k    

9. 3 2 2 753
.( ) 3 2 2

8
1 2 369 2n n n

nA H           

Proof. Let 

   

     

2 34

4 4

4 3 6

2 6 64 68 20 3 16 21 .

 ,  , , 4 4 2

4 10

nM H x y f x y x y x y x y

k x y k kx k x yy

   

       

 

   

2 3 44 4

4 6 2 6

3 4

6

612 6 4 4 10( , ) 8

8 20 6 3 16 24 1 ,

x x y xD f x y

k k

y x y k x

k yy x

y

x



 





 

 



 

 

   

2 3 4 3 64 4

4 6 2 6

4

6

16 12 4 4 1( , ) 16

8 20 6 3 1

0

6 6 21 ,

yD f x y x y x y x y k

k k x y

x y

x y k



   

   

  

 

   

2 3 4 3 64 4

4 6 6

4

2 6

48 36 16( , ) 4 10

2

32

8 20 36 3 16 24 1 ,

y xD D f x x y x y x yy

k k

k x

k x y

y

x y

   

   



 

 

   

4 42 3 4 3 6 4

4 6 2 6 6

1 1 1
4 10

3 9 1

1
( ( , ))

2

1
8 20 3 16 21 ,

36

6

1

24

x yS S f x y x y x yx y

k k k x y

k x y

x y

   

   



 

 

   

1 4

4 6

2 1 3 4

3

2

6 2 4

6 6

4

2

3 4

2 3 6 4 4 1

( ( , )) 2 4

8 20 6 3 164 6 21 ,

0

x y x y x y

x y

D D f x y

k k k x y

k x y

x y

 

  



   

 

  

  

 

    

    

 

   

2 3 4

1

3 6 4

2

4

1

4

4 6 2 6 6

2

1

3 4

2 1
4 10

3 6

1
( ( , )

2 4

1
8 20 3 16 21

4

1

6 64
,

x yS S f x y

k k k x y

x y x y

x y k x y

x y

 

  

  

 





 




 




 







 
 

   

   

2 3 4 3 6 44 4

4 6 2 6 6

3 4 10( , )

2

3

2

8 20 3 16 21 ,

y xS D f x y

k

x y x y x y k x y

x y k k x y

   

  



   

   

   

4 42 3 4 3 6 4

4 6 2 6 6

16
4 4 1( , ) 8

8

0
3

2

3
20 3 16 21 ,

x yS D f x y

k k k x

x y x y x x y

x y y

y k

   

   


 

 

   10 2 1

7

2

6 9 84 2 1
4 10

7 9

2
( , )

3

1
8 20 3 16 21  

8

1

10
,

12

x x x x k xS Jf x y

k k k xx

 









    

 

   

6 7 9 8

10 2 12

48
4 2

16
( , )

3

8 20 3 3

4 10

1

7

12

5
6 21  ,

x x y x x x k xS JD D f x y

k k k xx

   

   



 

   

3 3 3
2

2

3

31

( , )

7 2 4  

3 2

369
2 1 12

8
.

n

n

x x y

n

xS Q JD D f x

x

y

x





 

 



    

1. First Zagreb Index 

   2
1

1
( ) ( , ) 2 18 40 21 .n x y

x y
M H D D f x y k k

 
    

 2. Second Zagreb Index 
2

2 1
( ) ( ( , )) 108 320 232.n y x x y

M H D D f x y k k
 

   

 4. Generalized Randić Index 

 

 

 

1

2 2 2 1 1 2

2 21

( ( , ))

4 2 4 6 163 6

4

6

2 3 5 6 10 4 21 6 .

n x y
x y

R H D D f x y

k k

 


    

    

 

 





     

     

 

   

5. Inverse Randić Index 

 

2 1 2

3 2 1 2 2

1

2

2

1 8 16

4 4 6 6

1 1 2 10 20 21
.

2 3 4 3 6 4 4

( ( , ))

3

6

6 6

n x y
x y

k

RR H S S f x y

k
   

       

 










 



 
   

 

 
      

   




 

6. Symmetric Division Index 

  
1

2

( ) ( , )

40 56
             6 .

3 3

y x x y
x y

SSD G S D S D f x y

k k

 
 

    

7. Harmonic Index  
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    2
1

1 1 5
2 ( , ) | .

2 15 63
x xH S f xG kJ y k   

 
8. Inverse Sum Index 

  2
1

104 1088
( , )( ) 9

5 21
.

xx x y f x y kS JD kI G D

  

 

M-polynomial of Line graph of hex board 

graph 

Here, we will study line graph of Hex Board 

graph. In the next theorem we present the M-

polynomial. 

Theorem 3. Let G be the line graph of Hex 

board Hn. Then 

 

 

 

   

 

4 4 6 4 8 5 5

5 6 5

4

6

6 8 7 8 7 10

8 8 8 10

7 5 8 6

2 10 10
.

 ,  , 2 8

16 48 4 6

8 14 32 10

4 2

4 4 8

0

15

4 12

96 152

M G x y

x y

x y x y

x y

x yk

x y x y

x y x y x y

x y x y

k x y k x y

k k

k









  

   

 

 

      

Proof. Let G be the line graph of Hex board 

graph. The edge set of G has following 14 

partitions. 

  | 4,  4 ,1E uv E d du vG   

  2 | 4,  6 ,E uv E d du vG   

  3 | 4,  8 ,E uv E d du vG   
 

  4 | 5,  5 ,E uv E d du vG   

  5 | 5,  6 ,E uv E d du vG   

  6 | 5,  7 ,E uv E d du vG   

  7 | 5,  8 ,E uv E d du vG   

  8 | 6,  6 ,E uv E d du vG   

  9 | 6,  8 ,E uv E d du vG   
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Now we derive formulae for nine degree-

depending TIs by using calculus on the M-

polynomial given in the theorem 3.
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6. Symmetric Division Index 
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8. Inverse Sum Index 
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Conclusion 

Graphs are a significant device that can be 

utilized to speak to and portray systems, 

calculations, social connection, data 

structures and streams of traffic, power and 

numerous different things. In this study we 

probed into Hex board graph and line graph 

of hex board graphs. We computed M-

polynomials because, from the M-polynomial 

we can compute several degree-based 

topological indices like, Randić indices, 

Zagreb indices, symmetric division index, 

Harmonic index, etc. 
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