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Topological indices are numerical parameters of a graph that
characterize its molecular topology. In theoretical chemistry, the
numerical parameters which are used to depict the molecular
topology of graphs are called topological indices. Several physical
and chemical properties like boiling point, entropy, heat-
formation and vaporization enthalpy of chemical compounds can
be determined through these topological indices. Graph theory
has a considerable use in evaluating the relation for various
topological indices of some derived graphs. In this paper, we
studied the general Randi¢, first Zagreb, ABC, GA, ABCs+ and GAs,
indices for the Star of David and Hexagonal Cage networks and
provided closed formulas of these indices.
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Introduction

A branch of numerical science, Graph theory,
in which we use tools of graph parameters to
reveal the compound phenomenon precisely.
Graph theory, for instance, when used in the
study of Molecular structures, characterizes a
field among various disciplines of science
known as Molecular topology or chemical
graph theory. Chemical graph theory has
provided a considerable part of study to
chemist through which they can execute graph
theory to mathematical demonstrating of
chemical marvel. We are usually interested in
estimating the structural characters to
elaborate in quantitative structure-activity
relationships using apparatuses taken from
Graph theory. Physico-chemical properties
and topological indices such as the Wiener
Index, the Szeged Index, the Randi¢ Index, the
Zagreb Indices and the ABC Index are used in
the QSAR/QSPR analysis to estimate chemical
compound bioactivity [33]. A polynomial, a
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numeric number and a sequence of numbers
or a matrix will define a graph. A numeric
quantity interrelated with a graph which
remains invariant under the graph
automorphism and differentiate the topology
of graph is called Molecular descriptor. A
graph theoretical characteristic which is
sustained by an isomorphism is called
topological descriptor [11]. There are some
major types of topological indices, such as
topological indices based on distance,
topological indices based on degrees, and
associated polynomials and graph indices
classified. In chemical graph theory and
especially in  chemistry, degree-based
topological indices are of great significance
among these groups, and play a vital role. A
topological index Top(Q) of a graph, in a more
detailed way, is a number with the property
that isomorphic to Q for any graph H,
Top(H)=Top(Q). While working on the boiling
point of paraffin, the topological index concept
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of topological indices originated from Wiener
[33], and this index is Wiener index [8].

1.1. Higher dimension SD(n) Drawing
Algorithm for Star of David Network

Step-1: Draw David's Star graph Q, which is
one and two dimensional, as seen in Figure 1.

Step-2: Divide each edge by inserting 2Zn-2
vertices at each edge of H into Zn-1 edges.

Step-3: Connect all vertices which line all
three directions in the same odd number line.

Step-4: At each new crossing of the edge,
insert a new vertex.

This is going to be an SD(n) Star of David
network of dimensions n [29].
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FIGURE 1 Star of David network (SD(1)) and
(SD(2))

FIGURE 2 Hexagonal Cage network HXCa(4)

Hexagonal Cage network HXCa(n) drawing
algorithm

Step-1: Find two hexagonal n-dimensional

networks, which denoted as HXi(n) and
HXz(n).
Step-2: In HX;(n), each HX;(n) boundary

vertex is connected to its mirror image vertex
by an edge. The graph is called the Hexagonal
cage network of two layers, as shown in
Figure 2.

In this paper E(Q) is used for the edge of
graph and the V(Q) use for the vertex of the
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graph, d: is the degree of vertex reV(Q) and
> d, where No(r)={sBV(Q)/rsBE(Q)}.

reNg (r)
The notations used in this article are mainly
taken from books [9,15]. The wiener index for
a graph Q is written as:

W(Q)=%Zd(r,s), (1)

(r.s)

The first and oldest topological index based
on degree is the Randi¢ index [28] denoted by
R, (Q) and defined as:

2

RJ(Q): z L (2)

rseE(Q) drds

The general Randi¢ index R(Q) is the sum
of (d,dy)* over all edges e=uveE(Q) defined as:

R,Q= Y @d 1—— (3)

J for a= 1
rseE(Q) 2

The Zagreb index denoted by M1(Q) is very
valuable topological index and this index
introduced by Ivan Gutman and Trinajsti¢,
defined as:

Ml(Q): Z (dr+ds)' (4)

rseE(Q)

The atom-bond connectivity (ABC) index
introduced by Estrada et al. in [10] is one of
the Well-known topological indices based on
degrees and defined as:

ABCQ)= Y d:‘z -2 (5)
rseE(Q)

The geometric-arithmetic (GA) index,
proposed by Vukicevi¢ et al, in [32 ]is another
well-known  topological description of
connectivity and defined as:

21/d d, 6)

rseE( Q) (d d )

If we can find the edge partition of these
interconnection networks on the basis of the
sum of the degrees of the end vertices of each
edge of these graphs, only ABC4 and GA5
indices can be computed. Ghorbani et al. [13]
were also introduced the fourth version of the
ABC index and defined as:

GAQ) =
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ABC,(0 Z 5,+8.-2 (7)
rseE(Q SS

The 5t edition of the GA index was recently
introduced by Graovac et al. [14] and
mathematically it can be written as:

GAQ) = z @ (8)

re£@ (S, +5;)
Main results

In this research paper, we compute the
general Randi¢, ABC, first Zagreb, ABC4, GA
and GA5 indices for Star of David and
Hexagonal Cage networks, Provide these
indices with closed formulas. There is now an
extensive research activity for further study of
topological indices of different graph families
on ABC and GA indices and their variants see,
[1-7,12,17-27, 30, 34].

Results for Star of David network

We calculate some degree-based topological
indexes of the SD(n) in this section. We
calculated the Randi¢ index Rq(Q) for a=-,-1,
1, % and the first Zagreb, ABC, ABC,, GA and
ABC, for the Star David network.

Theorem 2.1.1. Let Q:=SD(n) and the Randi¢
index is
3(94-216n+192n?), a=

6(17-8\3+26 +4(-9+2\3)n+24n%), =
R,(SD(n)) = i(—4+2n+27n2),
12

2- 43+ 26 -10n+43n+9n2, a=—1

Proof.. Let Q:=SD(n) with condition n22.
Using the edge partition from Table 1, from
Equatlon 3, RH(Q): z (drds)a

rseE(Q)

Using formula R«(Q) for a=1.
4

RQ=2> 2 dd,
j=1 rseEJ(Q)

TABLE 1 Edge partition of Star of David
network SD(n) based on degrees of end
vertices of each edge

(dy;dy) where Number of
uvRE(G) edges
(2;3) 12
(3;3) 24n-30
(3;4) 24n-24

(4;4) 36n2-72n+48
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Using the edge Table 1,

R (G) = (8x2)| E,(SD(n)) | +(3x3) | E,(SD()) |
+(4x3) | E;(SD(n)) + (4x4) | E,(SD(n)) |

— R (G) =3(94 - 216n +192n?).

For a=1.
RQ-Y Y Jid
2 j=1rseE;(Q)
Using Table 1, we have
R, (@)= J@x2) |E,(SD() [+/(3x3) | E,(SD(n)) |
+(34) | Ey(SD(n) | + /(4 4) | E,(SD(n)) |

=R, (G)=6(17 — 83 + 246 + 4(-9+ 24/3)n + 24n?)

2

For a=-1.
R,(Q= ;Ml@ d,ds (3X2) | E,(SD(n)) |
1
+@| E,(SD(n)) | +(3 2 | E5(SD(n)) |+(4 3 |E,(SD(n)|

= R,l(G)zé(—4+2n+27n )

For a=-%.
S V6 1
= —==—|E/(SD ~|E,(SD
RQ@=2, 2 dds = | E.(SD() | +2 | E; (SD(n) |
£

E,(SD(M) [+ | E,(SD(n)) |

=R 1(G)=2—4\/§+2f—10n+4«/§n+9n2-

2

We evaluate the first Zagreb index of the
SD(n) as per the following theorem.

Theorem 2.1.2. The first Zagreb index is
equal for Star of David network:

M;(SD(n))= 6(16 —44n +48n?)
Proof. Q;=SD(n) and using Equation 4,

Ml(Q): z (dr+ds)=z Z (dr+ds)

rseE(Q) j=1rseE;(Q)
M.(Q) = (3+2)| E,(SD(n) [ +(3+3)| E,(SD(n)) |
+(3+4)| E;(SD(n)) | +(4+4) [ E,(SD(n)) |

After calculations, we get the results
= M, (Q) =6(16—44n+48n?).

Theorem 2.1.3. Let Q:=SD(n) be the Star of
David network, then
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« for n>2,
ABC(Q,) = —20 +6+/2 +12/6 — 4415
+(16 —18+/6 + 4/15)n + 9/6n?

- for nx2,

24J’ 96

GA(Ql) 18+ 2 f 3(~1+n)—48n+36n,

ABCA(Ql):6+24\/z+18\/z+6\/4—76+6\/3—78+§\/g+%+2\/§

3\/— ( 2+n) +—J— 5+2n)+7\/7(11 16n+6n?),

35
for n>3;

4&/’ 16J— 1924— 8J11_ 24./154

3 31 7 25
+4J35(=2+ n) — 72n + 36n? +7\/—( —5+2n).

GA(Q)=18+
12J16_ 24@

13 29

Proof. For the ABC index, using Table 1, we
have

d +d, -2
ABC@Q)= Y 'dds
rseE(Q) rds
4 d+d -2 1
= ——— =—=|E(SD(n))|
;“E;Q) drds '\/E

2 5 6
ﬂ/gl E,(SD(n)| +\/£| E,(SD(n)) | +7| E,(SD(n)|

After some calculations,
ABC(Q) = —20+ 6+/2 +12/6 — 4/15 + (16 —18/6 + 4/15)n + 9-/6n’
from (6), we get

d.d - dd
GA(Q)Z Z 2\/i :z 2\/T

see (A +d5) T ke (d, +d)
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After some calculations,

- 2B | E.(5D()

+| E,(SD(n)) |= 18+£+%\/— -1+n)

|+ E,(SD(n)) | +£«/§| Ey(SD(m)|

—48n +36n*

From (7), we obtain:

S +S5. -2 & S +S5 -2
ABC,Q)= Y. [F—=—=> Y [Prif
TSN S8S, Sesl SS

Using Table 2, we have
ABC,(Q) = @I E;(SD(n)| +€l E;(SD(n))| +§\ E,(SD(n)|
2 19 N
315 | Es(SPM) [+ [0 [ B (SDIM) |+ = o (SD(M) |
23 J110 26
*\[15 | B SPM)[+2=-= [ B, (SD(M) [+~ | B (SD(M) |
+3%| E,.(SD(M)| *%l E;s(SD()|
V435 30

*=50 | Eu(SD(M)

= ABC,(Q) :6+24\/24—18\/z+6\/4—76+6\/3—73+§\/z
55 35 77 55 2V2
E+2\/§+@+12\/2—7Z(—2+n)
5 5 7 35

+153\/§(75+ 2n)+%\/§(11—16n+6n2)

I+~ 1B (SDM)|

and from (8), we get

5 258

2,/S.S
G — r=s
AQ) z i rse; () (Sy +S)

rseE(Q) (Sr + Ss) -

Using Table 2, we have

TABLE 2 Edge partition of Star of David network SD(n) based on sum of degrees of end vertices

of each edge
(Su;Sv) where uvE(G) Number of edges  (Su;Sv) where uvZE(G) Number of edges
(6;8) 12 (11;15) 12
(8;8) 6 (14;14) 6
(8;10) 12 (14;15) 12
(10;10) 24n-60 (14;16) 24n-60
(10;11) 12 (15;16) 24
(10;14) 24n-48 (16;16) 36n2-96n+66

(11;14) 12
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GA(Q)= 4§| E;(SD(n)) [ +] E4(SD(n)) | +4§| E;(SD(n)) |
+| Eg(SD(n)) | +2@I Ey(SD(n)) | +§I E,o(SD(n)) |
+2Jg| E,(SD(M) |+ £IEH(SD(H))I
+| B (SD(n)) | +2£| E.(SD(n)) |

PR 5

I E,s(SD(n)) | +8—— I E;s(SD(n)) [+ E, (SD(n)) |
48\/— 16«/— 192J— 8J1T 24154

G =18+ ——+——
=GA(Q) 31 7 25
121\';6 24“21 +4+4/35(=2 + 1) - 72n + 36n° +%\/1—4(—5+2n).

Results for Hexagonal Cage network

We calculate some degree-based topological

indices and compute general Randi¢ R«(Q)

with ;g 4 1 _1} M1, ABC, GA, ABC4 and GAs
125k

indices of the Hexagonal Cage network in this
section.

Theorem 2.2.1. Let Q:=HXCa(n), then its
general Randi¢ index is equal to:

3(128 - 402n + 216n?), a=t
6(4(6+ 2+/5 + /6 — 24/30) + (-51+ 4/30)n +18n?), Lo L
i(m-lasn +300n%), 2

19 _[6 12 1
8=+ =46+ (-37+430)n+3n%, a=-—.
5 st 2

10

R, (HXCa(n)) =

Proof. Let Q;=HXCa(n) where n>2. Using
Table 3

R,(Q= D (dd,)"

rseE(Q)

Using above formula for a=1.

TABLE 3 Edge partition of Hexagonal Cage
network HXCa(n) based on degrees of end
vertices of each edge

(dy;dv) where Number of
uvlE(G) edges
(4;4) 6
(4;5) 24
(4;6) 12
(5;5) 18n-48
(5;5) 24n-48
(6;6) 18n2-66n+60
Using Table 3,
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R(Q=2 > dd, =(4x4)|E(HXCa(n)|

171 rs€E; (Q)
+(4x5) | E,(HXCa(n)) | +(4x6) | E,(HXCa(n))
+(5%5) | E,(HXCa(n)) | +(5x6) | E (HXCa(n))
+(6x6) | E,(HXCa(n)) |

— R (G) = 3(128 — 402n + 216n°)

For a=%, using Table 3

(Q) Z Y Jd,d, =4|E (HXCa(n) [ +2v/5 | E,(HXCa(n)) |

j=1rseEj(Q)
+2J’ 6| E,(HXCa(n)) | +5| E, (HXCa(n)) |
+/30 | E; (HXCa(n)) + 6| E, (HXCa(n)) |
= R, (G) = 6(4(6+ 245 + 6 — 2430) + (-51+4+30)n +18n")

2

For a=-1, using Table 3

R,(Q) = ;rs;(})drd :EIE(HXCa(n))I+

| E,(HXCa(n))|
+—| E (HXCa(n))|+ | E,(HXCa(n)) |
+5| E; (HXCa(n)) +£| E (HXCa(n)) |

=R,(G)= % (133-188n +300n%)

For a=-%, using Table 3

R,@Q=2 > ad ,,| E (HXCa(n))I+J—|E (HXCa(n)) |
2 =1 rseE;(Q)

+1—J2§| E,(HXCa(n)) | +§| E,(HXCa(n)) |
30

+ 320 | E,(HXCa(m) +%| E, (HXCa(n)) |

612

6 +=(~37 + 44/30)n + 3n%.
s Jg ( 30)

=R (G) = 5—8
In the following theorem, we compute the first
Zagreb index of Hexagonal Cage network.

Theorem 2.2.2. The first Zagreb index is
equal to for Hexagonal Cage network

Mi(HXCa(n)= 6(16 — 58n + 36n?).

Proof. Let Q;=HXCa(n), by using Tables 3 and
4 and Equation 4

M, Q)= z (d, +d,) Zald +d,) =8| E,(HXCa(n)) | +9] E,(HXCa(n)) |
rseE(Q) j=L

+10| E,(HXCa(n)) | +10| E, (HXCa(n)) | +11] E, (HXCa(n)) | +12| E,(HXCa(n))|,

After some calculations
= M;(Q) = 6(16 — 58n + 36n?).

Theorem 2.2.3. Let Q,=HXCa(n) be the
Hexagonal Cage network, then
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for n>2, 7 3 5
= B 5 :ABC(Q)=12\/7+3\/7+4\/§+12\/7(n—2)
ABC(Q,) :12\/;3\[? 4J§+12\E(-2+ n) 5 2 5

12
+22 J2(3n - 8) + 10(13n? —11n +10).
+%«/§(—8+3n)+«/10(1O—11n+3n2), 5 V2@n-8) ( )

using Equation 6 we get,

for n>2,
2,/d.d 6 2,/d.d
GA - r=s — r=s
GA(QZ):18+V1§° 24 %+18n2 Q= 2 @0y 220 +d)
80 24
_A8n+ 48 @(_2 +n), =| E, (HXCa(n))| +\/%' E, (HXCa(n))| +\/2—:| E,(HXCa(n)) |
V1 120
for n> 4 +|E,(HXCa(n)) | +| E (HXCa(n))|+ — | Es(HXCa(n)) |
[58
ABC,(Q)) =12,/ +12\/7+6\/7+30f+4\/7 = GA= 18+1—\/6_+24\/7+18n 48n+—1@( 2+1).
V5 3 \/7 V3,
N2 —4 . .
+8 2 "5\2 +\/1_7 2 ( ) Using Table 4, and Equation 7
— 20 _
+£\/ﬁ(—4+n)+i\/l_3(—l4+3n) ABC,(Q) = Z S +5,-2_ Z Z S +8,-2
17 9 rs<E(Q) S, S, i=7 1s<E;(Q) S S
1183505, 2
+ﬁ(_13+4”)+3\/; (24 -Lan-+3n). 338 e ixcat) 1+ 2L | (Hxca()|
for n>4. \/Z_O 130
5 5
GA(Q:) =30+ T2+ L0+ SE B+ 21T +5 [ Eo(HXCa() | + V2 |, (HXCa(n)|
+%Jﬁ + 8 30 +§ 221+%\/102(74+ n) +—“;‘22| E,,(HXCa(n))| +—“é§2| E,, (HXCa(n))|
~72n +18n? +f\/_ (~13+4n), % %|E13(HXCa(n))|+2—27\/1_3 | E,,(HXCa(n))|

AQ- ¥ 2,[5, . @ 2,55, 1 [59 7

w0 (5. +8,) Skl (S, +8,) +§ 102 | Es(HXCa(n) | +?| E(HXCa(n)) |
2
=|E (HXCa(n))|+—\/13_0|E(HXCan)|+7\/—|E (HXCa(n)) |
! 23 ¢ 33 66
6 +£| E,; (HXCa(n))| +£ | Ei(HXCa(n)) |
+] B (HXCa(n) | + 278 | E, (HXCa(m) |+ V3| E,,(HXCa(n) | 24 34
53 29 \/5 \/ﬁ
+%l E(HXCa(n) | +| By (HXCa(n) |+ = VIO | Ex (HXCa(n) | 5 | B (HXCa(m) [+ === By (HXCa(n) |
8 12
#2337 | B (HXCa(n) | + 2 V2 | E, (HXCa(n) | + | B (HXCa(n)| ABC,(Q) ~12 / % 412 \/2:2 46 \/E +30£+4 \/@ +3§
+£«/ﬁ | By (HXCa(n)) | +| B, (HXCa(n)) |
® 144 - 48 192 64 +3 19 24 */— (-4+ n)+—\/—( 4+n)
GAE(Q):3O+F«/§+E«/1_O+—«/1_3+—«/1_7 J_ 51
4
+%\/ﬁ+:—2\/_130+§~/_221 144\/—10 2(4+n) o VIB(-14+30) +V2(-13+4n) + 2 \/7(24 14n+3n%)
, 36
—72n+18n +£\/§(713+4n). Using the Table 4 and Equation 8,
Proof. Using the Table 3, and Equation 5 GA@= Y 2SS, Sy 2ys.S,
e (S +8) Tk (S +S)
ABC(Q)= Y d+d,-2 ¢ d +d, -2 7\E(HXCa(n))\+—\/13_|E(HXCa(n) )+ J_|E HXCa(n)) |
rseE(Q) drds j=1rseE;(Q)
N3 NS +IE10(HXCa(ﬂ))I+%\/_I En(HXCa(ﬂ))IJrf«/_I E,,(HXCa(n))|
ABC(Q) = — | E,(HXCa(n)) | +-— | E,(HXCa(n)) | N
4 10 + e [ E(HXCa() |+ |y (HXCa() |+ Jl_\ E,; (HXCa(n))|
+£| E,(HXCa(n)) | +E«/§| E,(HXCa(n)) |
35 5VeIE J— 7| E, (HXCa(n )|+ f 2| E (HXCa(n) | +| E5(HXCa(n)|
+%| E, (HXCa(n)) | +@| E, (HXCa(n)) | +£J— | Exg (HXCa(m) | + | By (HXCa(n) |
144 48 192 64
cA@=30+1%2. 2 i, 2 i3 M7
After some calculations
+%ﬁ+§\/130 +§\/221+ 144 \/10 2(—4+n)

—72n+18n? +—J_( —13+4n).
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TABLE 4 Edge partition of Hexagonal Cage network HXCa(n) based on sum of degrees of end

vertices of each edge

(Su;Sv) where Number of (Sw;Sv) where uvZE(G) Number of edges
uvRE(G) edges

(20;20) 6 (27;27) 18n-84

(20;26) 24 (27;34) 24n-96

(20;32) 12 (32;34) 24

(26;26) 12 (32;36) 12

(26;27) 24 (34;34) 12n-48

(26;32) 24 (34;36) 24n-72

(26;34) 24 (36;36) 18n2-102n+144

Conclusion [2] M. Alaeiyan, N. Chidambaram, G.

The topological indices for the Star of David
and Hexagonal Cage networks and the
analytical closed formulas evaluated and
defined for these networks are computed in
this paper, namely the general Randi¢ index,
atomic-bond connectivity index, geometric-
arithmetic index, and the first Zagreb
index. These results may be helpful for people
working in computer science and chemistry
who encounter hex-derived networks. There
exist many open problems for calculating the
expressions of similar derived networks.
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