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strain energy etc. of chemical compounds.
These are computed by the help of their
definitions. Chemical reaction network theory
is a field of applied mathematics that is

Introduction

In chemical graph theory, and Mathematics
Chemistry, a topological descriptor is a sort of

a molecular topological invariant that is
computed based on the molecular structure
of a chemical compound. A big quantity of
chemical experiments needs a resolution of
the chemical characteristics of compounds
and drugs. The chemical-based experiments
demonstrate that there is strong inherent
correlation between the chemical
characteristics of chemical compounds and
drugs, and molecular structures. Topological
deliberated for the chemical

structures can be helpful for us to work on

invariants

the physical features, chemical reactivity, and
biological activity.

A topological
chemical

index is designed by

reforming a structure into a
quantity. These topological invariants are
associated  with

characteristics like stability, boiling point,

some physicochemical
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beneficial to model the changing in real world
chemical systems. Since its beginning in the
1960s, it has attracted the attraction of the
researchers in developing research areas,
only because of its importance in
biochemistry and theoretical Chem. It has
interest among pure
mathematicians because of its interesting
problems that come to light from the
structures of

also drawn the

Mathematics patterns in
material.

Shirdel et al. [1] worked on the hyper
Zagreb index and gave its mathematics

representation as follows:

HM(@G)= > (d, +dy)? (1)
uveE(G)

Ghorbani and Azimi [2] worked on two new
variations of Zagreb indices; first multiple
Zagreb index
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PM;(G) = H (dy +dy) (2)

uveE(G)
and second multiple Zagreb index

PM, (G) = H (dy xdy) (3)

uveE(G)
Furtula and Gutman [3] proposed a very
beneficial topological index known as the
forgotten index and described as:
FE= X (@)*+@)) (4)

uveE(G)
The first Zagreb polynomial of G is defined in
[4, 5] as follows:

M (G x)= > x@rd) (5)
uveE(G)

The second Zagreb polynomial of G is defined
in [4, 5] as follows:

My(G )= > x@xd) (6)
uveE(G)

F(G,x) = z X((du)2+(dv)z) (7)
uveE(G)

Main results

In this paper we computed the first Zagreb
polynomial, second Zagreb polynomial and
forgotten polynomial of Pn+iPn. We also
computed some degree-based topological
indices such as first multiple Zagreb index,
second multiple Zagreb index, Hyper Zagreb
index and forgotten index or F-index of these
networks. Further information on topological
indices are available in the literature [6-24].

TABLE 1 Edge partition of Pn+¢Pn based on
degree of end vertices of each edge

(d;d) (2;3) (3:3) (3:4) (4 4)

Frequency 8 6+4t 10(t-1)t 4t245t-3

Q-Operation for Py,
The graph Pn+¢Pn have 2t2+7t+6 vertices and
4t2+19t+21 edges (Table 1).

Theorem 1. Let G=Pn+¢Pn be the graph then
the first Zagreb polynomial for this graph is:

My (P +q P X) =85 + (6+40)x° +10(t +1)x” + (4t +5t - 3)x,

Proof. By definition of first

polynomial

Zagreb

A.Q. Baig et al.

My (G, x) = Z x(@+d) My (Py *Q P X) = Z x(@+d)
uveE(G) uveE,(P,+,P,)

LY )y ),y )
weE, (P, +,P,) weE,(P,+,P,) weE, (P, +,R,)

= E1 (P +q Pn) [ XF 3+ By (P +g Pr) [XEHD
+1 E3(Pn +g Pn) [ X+ B4 (P +q Pn) [ XY
=8x° +(6+4t)x6 +10(t+1)x7 +(4t2 +5t—3)x8

Theorem 2. Let G=Pn+¢Pm be the graph then
the first Zagreb polynomial, second Zagreb
polynomial and forgotten polynomial for this
graph is
M (P +q P X) =8x8 +(6+4t)x9 +10(t +1)x12 +(4t2 +5t—3)xl6.
Proof. By definition of second Zagreb
polynomial we have,
MG x)= Y @)

uveE(G)

My (Py +q Py, X) = D
UVeE1(Pm+Q P)
DY

y(dxd) y
uveE, (P, +,P,)

uveE, (P, +,P,)
= Ey(Py +q Po) XY+ By (P +g Py) X

RCRCOID YGRS

uvek, (B, +,P,)
«(d.xd)

+| 3 (P + P) XD+ Eq (P +q P) X
=8x% +(6+4t)x° +10(t +1)x* + (4t% +5t —3)x'6

Theorem 3. Let G=Pn+oPn be the graph then
the first Zagreb polynomial, second Zagreb
polynomial and forgotten polynomial for this
graph is

F (P +0 P, ) =8x + (6-+40)x'® +10(t +)x% + (4t% +5t -3,

Proof. By definition of forgotten polynomial,
we have:

FGx= Y x@+@)_Fr +oP,%

uveE(G)
= 2

(@A) 5 (@A)
uveE (R, +,PR,) uveE, (R, +,P,)

T R (G CRR SR CRRCOP
uveE,(P,+,P,) uveE, (P, +,P,)

m'Q'm miQim

F(Py +o P, %) =8 + (6+40)x™® +10(t +1)x* + (4t + 5t - 3)x*2

Example: Graphs of first Zagreb polynomial,
second Zagreb polynomial and forgot-ten
polynomial are shown in Figure 1.

Preposition: Let G=P,,+(Pn be the graph then
the hyper Zagreb index, first multiple Zagreb
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index, second multiple Zagreb index and HM (Pp, +q Pn) = 200+ 36(6 + 4t) + 490(t +1) + 64(4t? + 5t — 3);
forgotten index are: PMy (P -+ Pry) = 5° + 6574 4 7200410 git+5t-3.
PM (P +q P = 6 + 98+4t 4 1101+10 L1640 5t-3,

F(Py + Q Py)= 138 4 pgB+at | 7106410 | 324tz+5t—3.

10710
M_1(P_m+_QP_m,x) M_2(P_m+ QP_m,x) F(P_m+_QP_m.x)

FIGURE 1 Graph of Algebraic polynomials for (Pm+qPm)

1010
HM(P_ms+_QP_m) PM_1(P_m+_QP_m) PM_2(P_m+_QP_m) F(P_m+_QP_m)

FIGURE 2 Graph of topological indices for (Pm+qPm)

Proof. (1). Let G=Pn+qPm be the graph then PMyG)= [] (dyxdy)

by equation (1). ( WGE;G) 1 @+ [T (@@xd)
PM, (P, +o Py) = +X)+ X
2. I'm 7Q "m u u Yy
HM@G)= ). (d,+d,)5 WweE (P, +,P.) WeE, (P, +,P,)
EG
HeEe) ) ;o I Gexd)e [T @xd)
HM (R, +Q Pn)= Z (d, +dy)*+ z (d, +dy) wek,(P,+,P,) uvek, (P, +,P,)
WeE (B, +;P) WeE,(P,+cP) _ (6B PR @B PR, 1Bt g)E PR
Y @)Y (d+d)h 8 o\(6+4t 10t410 4 45t-3
wek, (P, +,P,) uvek, (R, +,P,) =(6) +(9)( )+(12) +(16)( )'
_ 2 2
HM (By +q Pr) = Ex (P +q Pn) | (8)7+ | E5 (P +q Pn) [ (6)? FnioPu= 1 ()
+| 3 (P +q P) [ (7)2+] E4 (P +q Pu) | 8)%; (4). FRasqP)= [ @+ [I @+,
HM (P, +o Pr ) = 200+ 36(6-+ 4t)-+ 490(t +1) + 64(4t% +5t3) e (R e (iR
m +q Pn) =200+36(6+4t)+ +)+ +5t-3). ) )
+ JI G +4H)+ ]I @ +4)
(2). by definition WeE, (P P,) WeE, (R, +oP,)
PM(G)= [ (dy+dy) Z138 418(6+40) , 13100H0 4 3(4t*45t-3)
- +uv;E(;31 T Geds T @eo 3D plot for hyper Zagreb index, first Zagreb
e WeE, (P, +,P,) e WeE, (P, +,P,) e index, second Zagreb index and forgotten
+ 1 @+d)+ [T @@y+dy) index are shown in Figure 2.
uveE (P, +,P,) uveE, (P, +,P,)
= BRI (g)EelProRl | (7)B(RureRil | (g)Eu(RurR) R-Operation for Py,
—(5)8 +(6)6+4D 4 (7yl0t+10 +(8)(4t2+5t—3).
(3). by definition For graph Pn+rPn the cardinality of vertex

and edge sets are 2t2+7t+6 and 4(t+1)(t+2),
respectively.
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TABLE 2 Edge partition of G=Pn+rPm based on degree of end vertices of each edge

(d;d) (2;3) (2:4) (%5 (296) (3;4) (3;
5)
Frequency 4 2t 4t 2t2 4 4
(d;d) (4;4) (46) (55 (56) (6; 6)
Frequency | 2(t-1) 2t 2(t-1) 2t 2t(t-1)
Theorem 4. Let G=Pn+rPn be the graph then  Proof. By definition of first Zagreb
the first Zagreb polynomial for this graph is polynomial we have:
My (P +g Py ) = 45 +208 407 + 26258 + 47 + 48 + (2t - 2)x8 + 2060 + (2t 210 + 20+ (212 - 20)x2.
MG x)= Y x4
uveE(G)
Mi(Pytr Pr)= 3 xGr) 3 4Ced) g @) gl S (ded)
uvek (P, +,P.) uvek, (P, +.P,) uveE, (P, +.P,) uveE, (P, +;P,) uveE (P, +;P,)
+ Z X(dv+dv) + Z x(dﬁdv) + z X(d“+dv) + Z X(d“+dv) + Z X(d“+dv)+ X(du+dv).
uvek (P, +.P,) uvek, (P, +.P,) uvek, (P, +:P,) uvek, (P, +.P,) uweE, (P, +.P,) uvek, (P, +,P,)

M1 (Py +Rr PmsX) = E (P +r Pn) | X234

+ E4 (P +gr P) 1 XZ O+ E5 (P +g Pn) X 4| Eg (P,

Ep (P +R Pn) X 4| Eg(By +5 P) | X9

+g Pn) [ XC) 1 B (P 45 Py) X4

+] Eg (P +r Pu) [ X0 1| Eg (P +5 Pu) [ X 4| Egg (P +5 Pa) [ X0 4 | By (R +5 Py ) [ X5

M1 (B +gr Py X) =4x° + 268 4t + 228 +ax” +4x8 +(2t—

Theorem 5. Let G=P+rPn be the graph then
the second Zagreb polynomial for this graph
is

My (P +5 P X) = ax8 + 208 + 4610 + 22512 1 4x12 4 4x1®
+(2t-2)x85 + 2t + (2t - 2)x% + 2% + (212 - 20)x%.

Proof. By definition of second Zagreb
polynomial, we have:

MyGx)= Y X

uveE(G)
2

MZ(Pm R vax):
uvek (P, +:P))

Y ey

uveE, (P, +,P,) uvek, (P, +.P))

(84 4,d,)

DI
uvek, (P, +;P,)
DY
uveE, (P, +,P,)
Y )y ()
uveE, (P, +;P,) uvek, (P, +;P,)
() (4.
uvek, (P, +.P.) uvekE, (P, +.P,)

NCRED)

+ z X(duxdv)+
uvek (P, +;P,)

N S
uvek (P, +,P,)

My (P +R P X) = By (P +g Pr) X2+ B (B 45 Py [ X2

+1Eg(P+g P) XZ 4| B4 (R +g P ) [XZ®) 4| 5 (P + P) X

+1Bg (P +g P) [X®9) 4| E7 (B + Pr) DX 4| Eg (P +5 P X

+| Eg (R +g Pr) X+ [ Eyg (P + P ) X+ Egy (B +5 Py ) [ X&)

My (P +r Py X) = 455 + 2068 + 460 + 26212 1 4x12 1 4515 + (2t - 2)x!®

12024 4 (2t -2)x% + 2x%0 4+ (2% - 2t

Theorem 6. Let G=Pn+rPn be the graph then
the forgotten polynomial for this graph is

2 + 200 + (2 -2x'% + 26 + (2% ~20)x2.

F(Py +g P X) =43 4 2060 1+ 466 4+ 26240 4 4x% 4 4x3

+2t-2x%2 + 202 + (2t - 26 + 268 4 (22 - 21)x2.

Proof. By definition of forgotten polynomial,
we have:

NCREDIN NCRE)

F(Py +R Pn.X) =

2

uvek, (P, +:P,)

Y

wek, (R +:Py)

)

uvek, (R, +:R,)

2

ek, (R +4Py)

)

uvek, (P, +;P,)
aidd)
uvek (P, +,P.)
(@) |
uveEy (P, +.P,)

2

uvek, (P, +.P,)

+ Y x(@i+d) | (@)
uvek, (P, +,P,)

2 g2
+ Y x(d+d) o
ek, (P, +:P,)

>

uvek (P, +,P,)
F (P +R P X) = B4 (P + P) [ XC9) 4| B (B 45 B) [ X719
+ Eg (P +g Pn) X2 [ By (B + Py ) X413+ Eg (R +5 P X0
+ g (P +8 P) X2+ E7 (P g P ) X109+ | Eg (Pry g Py ) [ X100
+1Eg (Pr g Pr) [ XP129) 4| Epg (Pry + P )| X239 4 By (R g P [ X019
F(Pn+r Pn X) = 483 4 2tx %0 1 4t + 2t%x%0 + 4% 4 ax®

+(2t - 2)x32 +2tx%% + (2t- 2)x50 +otx 4 (2t2 - 2t)x72 .

NURER)

() died?) | NCRYD!

x{

The graph of first Zagreb polynomial,

second Zagreb polynomial and Forgotten
polynomial for Pn+rPm are shown in Figure 3
below,
Preposition: Let G=P,+rPm be the graph
then the hyper Zagreb index, first multiple
Zagreb index, second multiple Zagreb index
and forgotten index are:
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HM (Py, +g Phy) =552 +838t + 328(t 1) + 41472t(t —1);

PM; (P +5 Pn) =5% + 62 + 7% 482 474 180 18272 4102 410202 4112 1122742,

PM (P +g Pr) = 6% +8% +10% +12%" 112 415% 11622 1 247 1 2522 30 1 362421,
F(Py +g Pn) =13% +20% + 20% 1+ 407 1+ 25 1 34% + 3022 1 52 4 5022 4 612 4+ 79242

Proof. (1). Let G=Pn+rPm be the graph then
by equation (1), we have:

HM@G)= Y (dy+dy)?
uveE(G)

HM(Py +r Pn)= Y (@+d)?+ Y (4, +d,)?
uvekE (P, +,P,) uvek, (P, +,P,)

m TR m

Y Wrd)’ Y (@rd)’ Y (dy+dy)?

uvek, (P, +,P,) uveE, (P, +.P,) uvekE (P, +,P,)

m TR m R LR

Y @)Y dyrd)? Y (dy+dy)?

uvek (P, +,P,) uvek, (P, +,P,) uvek, (P, +;P,)
Y @erd)’ e Y @rd)?e X (dyrd,)?
uvek, (P, +,P,) uveE, (P, +:P,) uvek, (P +:.P)

= E1 (P +R P) [ 6)2+ ] Eo (P +R P) | (6)°+| B3 (P + P) | (1)?
+1Eq (P +R Pn) | (€)% +| Es (P +g P) | (7)°+] Eg (P +g P) | (8)?
+| E7 (P +R P) [ (8)°+| Eg (P +r Pn) | (10)*+| Eg (P +g Pr)| (10)°
+| Exg(Py +R P) | A1)+ | gy (P +r P)1(12)°
=552 +838t +328(t —1) + 41472t (t - 1).
(2). By definition PM;(G)= [] (d, +dy)
uveE(G)

PM; (P +g Pn) = H (dy +dy)+ H (d, +dy)

ueE (P, +,P,) uvek, (P, +.P,)

+ H (dy +dy)+ H (dy +dy)+ H (dy +dy)

uveE, (P, +:P)) uvek, (P, +,P,) uveE (P, +.P)

mtRIm mtrm

+ I @+d)+ [T @erd)+ [T (@+dy)

uvek, (P, +.P,) uvek, (P, +.P,) uvek,(P,+.P,)

+ H (dy +dy)+ H (dy +dy)+ H (dy +dy)

uveE (P, +.P)) uveE, (P, +;P,) uveE, (P, +.P,)
PM; (P, +g Pp) = (5)E PPl 4 (6)fE(Rute Pl 4 (7)Bs(Rota o)
+(@)E PPl (7)) EsCRuta Pl 1 (g)Bs(PutaPoll 1 (g)lEy(Puta Pl
+(10)‘E3(Pm+kpm)| +(10)|Eg(Pm+me)| +(11)|E10(Pm+n Pl +(12)‘E11(Pm+i7pm)|
=5% 462 4 7482 7t gt 822 102 41022 4112t 4102
(3). By definition PM,(G)= [] (d, xdy)
uveE(G)

PMy(Pn+r Pu)= ] @u+0+ ]  (dyxdy)
uveE, (P, +;P,) uveE, (P, +.P,)

+ H (dy xdy)+ H (dy xdy)+ H (dy xdy)

uvek, (P, +,P,) uvek, (P, +.P,) uveE,(P,+;P,)

+ H (dy xdy)+ H (dy xdy)+ H (dy xdy)

uveE (P, +,P,) uveE, (P, +.P,) uveE (P, +,P,)

+ H (dy +¥)+ H (dy xdy)+ H (dy xdy)

uveE (P, +.P,) uveE,0(P,+,P,) uveE (P +.P,)
- (6)|E;(Pm+kpm)\ +(8)\E2(Pm+npm)\ +(10)|Eg(Pm+.; Pl +(12)\EA(PM+RPN)\

+(12)\Es(Pm+RPm)\ +(15)|EE(PM+RPm)\ +(16)|E7(Pm+w Pl +(24)\E3(Pm+n P

(255 PP 4 (30)EnlPoriPo) 4 (gg)Eu(Puti P

=6 182 110% 41220 4124 +15% 116277 4 242 4 25202 | 302t | 362421
(4). By definition

FPn+rP)= 1 @+dd)
uveE(R,+,P,)

Eurasian Page [1076
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FPatrP)=  [] (@2+3H+ ] (@2+4%)
uveE (P +.P,) uveE, (P +,P,)

TR TR

+ J1 @+5H+ [ @+ [ @46

uvek, (P, +,P,) uvek, (P, +:P,) uveE (P, +;P,)

n R m

+ J1 @+5H+ [T @+Hr [ @4

uvek, (P, +,P,) uvek, (P, +,P,) uvek, (P, +,P,)

+ [ 6+5H+ [ 646D+ [ (62+6)

uveE, (P +.P) uveE, (P +.P) uveE, (P, +.P)

TR m n TR m

=13 4207 +20% 1 407 1 25% 1 34% 139772 1592 4 5022 4 61 4 70242

3D plot for hyper Zagreb index, first Zagreb
index, second Zagreb index and forgotten
index are shown in Figure 4.

S-Operation for Pn,

The graph Pn+sP» have order 2t?+7t+6 and
size 3(t+1)(t+2).

Theorem 7. Let G=Pn+sPn be the graph then
the first Zagreb polynomial for this graph is
My (P +s P X) = 4x* + (446t + (22 + 2t - 2)x8 +2tx” + (¢ —1)x8.
Proof. By definition of first Zagreb

polynomial, we have:

MG x)= Y x4 —My(R, +s Ppx)
ueE(G)

D Y i U JCRUD IR JCHLY

uvek, (P +,P)) uveE, (P, +,P)) uvek, (P, +,P))

mTstm mTsm s m

POy ),y ) (ded)
uvek, (P +,P)) uvek (P, +,P)) uveE (P +.P,)

= E (P +5 P ) [ X224 | Ep(Ry +5 Pn) [XPH9) 4| Eg (P +5 By) [ X
+1Eq (B +s Pr) |X® 9+ | Eg (B +5 R) IXCH + g (By +5 Bn) [

=ax* +(4+6t)x5 +(2t2 +2t—2)x6 o’ +t(t —l)xs.

Theorem 8. Let G=Pn+sPn be the graph then
the second Zagreb polynomial for this graph is
My (P, +g P, X) = 4x* +(4+6t)C +(2t2)x8 + (2t -2)x® + 262 +t(t ~1)x8,

Proof. By definition of second Zagreb
polynomial, we have:

MyG )= Y X% =M,y (R +5 PyiX)
uveE(G)

D R G U YRRCEL I SR
uveE (P, +.P,) uveE, (P, +P,) uveE, (P +.P,)

n Z X(dude) n Z X(dude) n Z X(dﬂdv)
uvek, (P, +,P,) uveE (P +P,) uveE (P, +P))

My (Pn +s P, X) = By (P +5 P) [ XD+ Ep (R +5 Py ) [ X2
+1Ea(Pp +s Pn) [ XD 4| Eg (B +5 Py) |32
+] Es (P +s Pn) | X9 4| Eg (P +5 P) [ x*9

=4x* + (4+6t)x8 +(262)x8 + (2t —2)x° + 262 41t —Dx1C +
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TABLE 3 Edge partition of Pn+sPm based on degree of end vertices of each edge.
(d; d) (2,2) (2;3) (2;4) (3:3) (3:4) 44
Frequency 4 6+4t 2t 2t-2 2t t(t-1)

10710 1010 1010
F(P_m+_RP_m)
M_1(P_m+ RP_m) M_2(P_m+_RP_m)

FIGURE 3 Graph of Algebraic polynomials for Py+rPm

XX X X X X X X

10 10 10 10 1010
HM(P_m + RP_m) BM1(P: I+ RP. ) PM_2(p_m+ RP_m) F(p_m+_RP_m)

FIGURE 4 Graph of topological indices for (Pm+rPm)

Theorem 9. Let G=Pn+sPm be the graph then HM (P, + Pyy) = 64 -+ 25(4-+ 6t) +36(2t?) + 36(2t — 2) + (49)2t + 64t(t —1);

the forgotten polynomial for this graph is PMy (P +5 Py) = 4% +5%8 1 62 16272 1 72148 (- 1);
F (P g Py, X) =4 +(4+60x3+ (22)x20+ (21—~ + 26 +1(t —1)x2. PMy(By +5 Pry) = 4% 4651 487 922 4102 4161 (t-1);
. i . _48 4-+6t 2t 2t-2 2 t
Proof. By definition of forgotten polynomial F(Pn+s Pn) =47 413774207 +18777+ 251432 (t-1)
2 2
FG )= Y x(@+d.) Proof. (1). Let G=Pn+sPn be the graph then
uveE(G) by equation (1).
FRytsh= Y @),y )y @)
wek,(P,+,P,) uvek, (P, +.P,) uek, (P, +,P,) HM(Pm +g Pm)= Z (du +dv)2 4 Z (du +dv)2
+ Y K@) > K@l > X&) weE (P, +,P,) uvek, (P,+.P,)
uvek, (P, +P,) uvek (P, +P,) uvekE (P, +,P,) 2 2
Ny (4+4) (#+9) (4+16) + Z (dy +d,)" + Z (dy +dy)
8Bt )X 6By o B 0 5 5 R0 weE e e, p)
+]Eg (P +s Pn) |XT™ 4 | E5 (P +5 P) | XU+ Eg (B +5 Pry) [X0F
:4x8+?4+et)rj(ls+(2tz)xzo+(2t-2)>r<n“ +2tx% +t(t-1)rxn32 ’ > (dy +dV)2 * 2 (d +dV)2
uvek (P, +.P,) uvek (P, +.P,)
The graph of first Zagreb, second Zagreb B, (Py +s Py)| 42+ Ex(Py +5 )| (5)%-+| Es(Py +5 Pr) | (6)2

and Forgotten polynomials for Pm+sPm are g (n 1o pyi6)2+E5(R, +s Po)l (1)7+]Es(Py +s P)| 8)2
shown in Figure 5 below = 64+ 25(4 + 6t) + 36(2t2) + 36(2t — 2) + (49)2t + 64t (t —1).
(2). By definition
Proposition: Let G=Py+sPn be the graph then
the hyper Zagreb index, first multiple Zagreb
index, second multiple Zagreb index and
forgotten index are
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PMi(Pr+s Pn)= []  (@+d)+ ] (4, +d)) FPntsP) =[]  @+29)+ [ (2%+3)
uveE, (P, +,P) wek, (P+,P) uveE, (P, +,P,) uvekE, (P, +,P,)
+ I @+d)+ JT @y+dy) + I @+H+ ] @+3)
uekE,(P,+,P) uek, (P +,P) uveE,(P,+,P,) uveE, (P, +,P,)
+ I @y+d)+ [T @y+dy) + JI @+ [ @*+4d)
weE, (P, +P,) weE, (P, +P,) weE (R, +R,) ek (R, +R,)
= @ECHRI L @R HPI L @B RP 4 (g)EulRutsR =48 +13%0 202" 118202 1 95214324 (t-1)+
[Es(Puts Pl L (g)[Es(Puts Pl _ g4 , £e6t | g2 | c20-2 224 gty ) _
+0) HETTER =475 6T + 6T T (), 3D plot for hyper Zagreb index, first Zagreb
(3).(By def)mltlol% Goor T ety index, second Zagreb index and forgotten
PMy (P +5 Py) = u )+ u xdy . . .
WeE (P.+.P) WeE, (P.+.P) index are shown in Figure 6.
+ H (dy xdy)+ H (dy xdy) .
wek,(P+:P,) wek, (P, +.P,) T-Operation for Py,
+ I @++ ] (dyxdy)
ek (P, +;P,) ek, (P, +P,) The graph Pn+7Pm have 2t2+7t+6 vertices and
= (@) BRI (@) ERtRl L (g)E(Ruts Rl (g)B(Ruts P 5t2+14t+8 edges.

+(12)|E5(Pm+8 R, (16)|E6(Pm+5 Pl

N TS (8]

(4). By definition

10710 1010 1030
F(P_m+_SP_m)

M_1(P_m+ SP_m) M_2(P_m+_SP_m)

FIGURE 5 Graph of algebraic polynomials for Pm+sPm

10710 1010
PM_1(P_m+_SP_m) PM_2(P_m+_SP_m) F(P_m+.SP_m)

HM(P_m +_SP_m)

FIGURE 6 Graph of topological indices for (Pm+sPm)

TABLE 4 Edge partition of Pn+rPm based on degree of end vertices of each edge

(d; d) (3;3) (3:4) (35 (36) (4 4)
Frequency 4 8+4t 8 2t t2-2t-6
(d; d) (4;5) (46) (55 (56) (6; 6)
Frequency | 4(t-1) 282 2(t-1) 2t 2t(t-1)
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Theorem 10. Let G=Pn+rPn be the graph
then the first Zagreb polynomial for this
graph is

My (P +1 Py, X) = 458 + (8+4t)x +8x8 +20 + (12 + 2t —6)x®

+HE-Dx0 +(2t%)xH0+ 20t ~D)x1 + 26t + 2t —1)x2.

Proof. By definition of first
polynomial, we have:

MG x)= Y XA =My (Ry 41 By x) =
uveE(G)

Zagreb

Y e

WeE, (P, +P,)

D N G P $(0.+d)
uvek, (P, +P,) uvek, (P, +,P,) uvek,(P,+P,)

T Y e U JCAO IR SRS
uvek (P, +.P,) ueE (P, +P,) uvek, (P,+,P,)

m'T'm
>

GH0) Ay )
uveky (P, +,P,) uveky (P, +P,) uvekE, (P, +P,)

B (P +1 Pn) XD 4 By (B 47 ) IXE 4| B (P 47 P) 1XCD

+1Eq (P +7 Pn) | XG0 [ Eg (P 1 B) X | Eg (P +1 Pp) [ X141
+1E7 (P +1 Pn) X0 | Bg (P +1 Pn) 1 X% 4| Eg (Ry 7 ) | X9

+| Eqg (P +1 Pn) [ XC® =458 4 8+ 4t)x” +8x8 + 20 + (12 + 2t —6)x®

A -1)x° + (2t2)x1 0+ 2(t —1)x1 + 2t + 2t (t —1)x*2

Theorem 11. Let G=Pn+:Pn be the graph
then the second Zagreb polynomial for this
graph is

My (B +1 By X) = 45 +(8+4t)x12 +8x15 + 208 +(t2 +2t —6)x16

+4(t71)x20 +(2t2)x24 +2(t71)x25 +2tx% +2t(t fl)x%.

(04 |

Proof. By definition of second Zagreb
polynomial, we have:
Moot PpX)= Y x @@ § ldd)

uvek (P, +,P,) uvek, (P +,P.)
T PR SR CECH Iy CELY
uvek,(P,+ P) uvek, (P, +,P,) uvek (P, +,P,)
T T U SRR I S CES
uvek (P, +,P,) uvekE, (P, +P) uveky (P, +.P,)
n z X(dude) + Z X(dude)
uve Ee(Pm+1 Pm) UVEEm(Pm *r Pm)

LB +1 P [XE D By (B 7 P ) XD B (B 41 ) [ X2
1 Eg (P 1 P) IXE [ Eg (P P) XD 4 Eg (B 47 Py ) [ X9
+1E7 (P 1 P) X4 | Eg (P 7 By) X [ Eg (Ry 47 Pn) X5

+| Egg (R +7 R) [X®®

My (P +7 Py, X) = 4x° + (8-+ 4t)x22 +8x%5 + 2618 4 (12 + 2t —6)x16

4 -D)x% + (22)x%* + 20t -1)x® + 2x%0 + 2t(t —1)x%6.

Theorem 12. Let G=Pn+rPm be the graph
then the forgotten polynomial for this graph
is

F(Py+1 Py X) = 4x8 +(8+4t)x25 +8x3 1 2tx™® +(t2 +2t—6)x32
+H(t-x* +(2t%)x% + 2t -)x0 + 2t + 2t (t - )x 2.

Proof. By definition of forgotten polynomial,
we have:

A.Q. Baig et al.

FGx= Y x@+d)
uveE(G)

FRyir = 3 000, 0
ueE (P, +.P) ueE, (P +.P,)

) i D YL I S
uvek, (P +.P,) uvek, (P, + P,) uveE (P, + P))

£ ¥ xd+dr) 3 di+d)) o 3 x(@+d))
uveE, (P, +,P,) uveE, (P, + P,) uvek, (P +.P))
£ Y x@+d)) | Y x(@+d)
uvek, (P, +,P,) uveE, (P +.P,)
= By (P +1 Pr) X4 By (B 7 P) [XCH9 4 | By (B 47 Pp) X2
+| B4 (P +1 P) | X3 1| Eg (P +7 Pr) | X8O 4| Eg (B +7 Py) | X162
1 E7 (R +7 P) X304 Eg (B 47 Py ) X529 4 [ Eg (R 47 B) X799
+| Egg (B +1 P [ X530
F(Ry +1 P, X) = 4528 1 8+ 4t)x® +8x% + 2t + (2 + 2t—6)x*?

+H(t-)x* +(2t2)x% + 2t -1)x% +26x8! + 2t(t - 1)x 2.

The graph of first Zagreb, second Zagreb and
Forgotten polynomials for Pn+sPn are shown
in Figure 7. Below.

Proposition: Let G=P,,+rP be the graph then
the hyper Zagreb index, first multiple Zagreb
index, second multiple Zagreb index and
forgotten index are

HM (P, +7 Pry) = 656+ 49(8 -+ 4t) +81(2t) + 64(2t% + 2t —6)
+(324)(t —1)+200(t?) + 200(t — 1) + 242t + 288t(t —1);

PM, (P +7 Pyy) =64 +76+40 188 1 920, gRU+2-6) | (g)4 (¢ 1)
+10@) 1102 (¢ ~1) + 112t +1221(t -1):

PM, (P +7 Py) = 9% +128+40 1158 1 18020 1 16(2'+2-6)

+(20)* (t—1) + 243 1 252t 1) + 302t + 362t(t -1):

F(P, +7 Py) =18% +2503+4) 1 348 , 45(20) | 3p(2t'+2t-6)

+(4D4 (t-1) +52) 1502 (t 1) + 612t + 722¢(t ).

Proof. (1). Let G=Pn+1Pn be the graph then
by equation (1), we have:

HM (B, +7 Pp) = z (du+dv)2+ z
uvek (P, +.P) uvek, (P, +,P,)

(dy +d,)°

Y e Y )P Y (dy+dy)?
uvek, (P, +P,) uvek, (P, +P,) uvek (P, +.P,)

Y )P Y drd)P Y (@ +dy)?
uveE (P, +,P,) uvek, (P, +,P,) uvekE, (P, + P,)

fY erd e Y (@td)
uvek, (P, +P,) uveE,0(P,+P,)

= E1(Pn +7 Pn) [ (6)7+| Eo (Py +1 P) | ()% +] E3 (P +7 P) 1 (8)°
+1 E4 (P +1 Pn) 197+ E5 (R +7 Pn) | @)+ Eg (P 7 P (9)°
+1E7 (P +7 Pn) | (10)°+| Eg (P +1 P) | (20)*+| Eg (P +1 Pn) [ (LD)°
+| Eqg(Py +7 Pn) | (12)? = 656+ 49(8 + 4t) + 81(2t) + 64(2t? + 2t — 6)
+(324)(t —1) + 200(t? ) + 200(t — 1) + 242t + 288t (t —1).

(2). By definition
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PMy(Po+r Po)= [ @y+d)+ [T (4 +d)

uek (P, +P,) ueE, (P, +.P)
+ I @+d)+ [T @+d)+ [T @+
uveE,(P,+,P) uvek,(P,+,P) uvek (P,+P,)
+ I @+d)+  J] @+d)+ [ @y+dy)
uveE, (P, +.P) uvek, (P, +.P) uvekE, (P,+,P)
+ H (dy +dy)+ H (dy +dy)
weE, (P, +P) wek, (P,+F,)

- (5)|E,(Pm+r Pl +(6)|EZ(PM+1 Rl +(7)|E3(Pm+r Pl +(8)|E4(P.“+T Pl
H()EPHPI @R R ()l (PP (10)fEn(Pu P
+A0)E PP | a1)Ba (Pt Pl _ g4 | 7(8+40) g8, o(20)
+8+2-6) 4 gy4 (¢t 1) +10@) 4102 (t 1) + 112t +122t(t 1)
(3). by definition

PMi(Pa+r Ry)= ] Wy++ ] (dyxdy)

uvek, (P,+.P,) uveE, (P +P)
+ H (dy xdy)+ H (dy xdy)+ H (dy +x)
WeE,(P,+P,) WeE,(P,+P.) WeE,(P,+P,)
+ [ @exd)+ [T @xd)+ [ (@xd)
uek, (P +P,) uvek, (P.+P,) wekE, (P, +.P,)
+ I W9+ ] (dyxdy).
uvek, (P, +P) uveE, (P, +.P,)

10010

M_1(P_m+_TP_m,x)
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- (g)|El(Pm+r Rl (12)|Ez(Pm+T Pl +(15)|Eg(Pm+T Pl +(18)\Ea(Pm+T Pl

+(16)\E5(PM+T R, (ZO)IEG(P.ﬁT R, (24)\E7(Pm+T R, (25)|Es(Pm+r Pl
+(30)|E‘](Pm + P + (36)‘E10(Pm+7 P
— g% 11206+ 158 4 1g(2) L 1g(2t +2t-6)

H(20)4 (t-1) + 24@) 4 252 (£ -1)+ 302t + 362(t 1)
FPntr P =[] @+39)+ ] @+49)

uveE (P, + P,) uveE, (P, +.P,)
(4) . 2 2 2 2 2 2

+ JI @+59)+ ] @&+6)+ ] (4 +4%)
uveE, (P, +,P)) uvek, (P, +.P,) ueE (P, + P,)

+ 11 (42 +5%)+ 11 (42 +6%)+ 11 (5% +5%)
uek (P, + P,) uvek, (P, +P,) uvek, (P, +,P,)

+ J1 (5% +62)+ 11 (62 +6°)
uveE,(P,+,P,) uveE, (P, +,P,)

=18% + 2563+ 348 4 4520 | 3p(2+2-9)

(AD* (t-1) +52@) 1502 (t 1) + 612t + 722t(t - 1).

3D plot for hyper Zagreb, first Zagreb, second
Zagreb and Forgotten indices are shown in
Figure 8.

1010 1030

M_2(P_m+_TP_m,x) F(P_m+_TP_m,x)

FIGURE 7 Graph of Algebraic polynomials for Pmn+1Pm

10710 el
HM(P_m+_TP_m) PM_1(P_m+_TP_m)

10710
10710

PM_2(P_m+_TP_m) F(p_m+_TP_m)

FIGURE 8 Graph of topological indices for (Pm+1Pm)

Conclusion

index, first Zagreb index, second Zagreb index
and forgotten index for Py +rPm graphs.

In this article, we computed first Zagreb
polynomial, second Zagreb polynomial and  Acknowledgments
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